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ABSTRACT 

The rotational spectrum of water vapor has recently been spectroscopically re- 
solved and analyzed by Randall, Dennison, Ginsburg, and Weber. The present deter- 
mination of the absorption of water vapor under atmospheric conditions is based up- 
on the results of these authors. Their line intensities have been used, and the mean ab- 
sorption of the rotational band has been calculated for a temperature range from 200° 
abs. to 320° abs. The half-width has been estimated as 0.50 cm-—' from the avail- 
able information about the width of infrared band lines. The absorption intensity at 
the short-wave side of the band decreases in the mean exponentially, as might be ex- 
pected on general grounds. For waves shorter than 33 u the mean fraction of radiation 
absorbed can be expressed by the formula 


1 sisted VX; 


where p is the air pressure, p) the standard pressure, and x the thickness of the layer in 
grams of water per square centimeter; a is a linear function of the temperature. For 
longer waves the absorption is sensibly independent of wave length and temperature. 
The numerical values are collected in formulae (4) and (5). 
INTRODUCTION 

It is well known that the heat content of the earth’s atmosphere 
is determined by the exchange of infrared radiation between the 
earth’s surface, the atmosphere, and space. The maximum of the 
black-body emission spectrum at 300° abs. is located near a wave 
length of about 10 w. In this spectral region water vapor is the main 
absorbing agent in the atmosphere. The atmospheric absorption 
originates from a vibrational water band that extends from 4 p to 
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8 uw, from the rotational water band beyond 15 uw and from a narrow 
CO, band between 13 and 15 uw. (Ozone absorption is negligible in 
the far infrared.) 

In spite of the practical significance of the problem, not much has 
been done toward a theoretical analysis of the radiative properties 
of atmospheric water vapor. A survey of the literature has been 
given by Pekeris.' In 1928 Simpson? first recognized the fact, over- 
looked hitherto, that the atmosphere is completely transparent be- 
tween about 8 uw and 13 yw, an interval which coincides with the maxi- 
mum of the black-body radiation at ordinary temperatures. Simp- 
son showed that a layer of the atmosphere which is not too thin is, 
for most of the wave lengths involved, either completely black or 
completely transparent. He was, for the first time, able to give a 
rough but consistent account of the heat balance of the atmosphere 
which can still be considered as essentially correct. 

The experimental data on the absorption of water vapor accessible 
at that time were relatively poor. In recent years considerable prog- 
ress has been achieved in the analysis of the water spectrum. Mecke 
and his school succeeded in 1933 in analyzing the vibrational bands 
almost completely. The lower rotational levels were determined, to- 
gether with the vibrational levels. However, the rotational spec- 
trum itself remained unresolved. Quite recently Randall, Dennison, 
Ginsburg, and Weber‘ investigated this spectrum with much great- 
er resolving-power than had been available before; they were able 
tc 
te 
comprise the spectral interval from 18 uw to 135 wu. 

It was thought that our enlarged knowledge of the water spectrum 
justified a new treatment of the radiative energy transfer in the 


i 


give a complete analysis of the spectrum. All rotational levels up 


~ 


a quantum number of 11 were determined. The measurements 


earth’s atmosphere. The present paper is concerned only with a par- 
tial problem of this vast complex, namely, with the absorption 
caused by the rotational water band. It is intended that similar 


t Mass. Inst. of Tech. Meteor. Publ., No. 5, 1932. 

2 Mem. Roy. Met. Soc., 3, No. 21, 1928; also C. G. Abbot, Smithsonian Misc. Coll., 
82, No. 3, 19209. 

3R. Mecke et al., Zs. f. Phys., 81, 313, 445, 4605, 1933. 


4 Phys. Rev., 52, 160, 1937. 
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computations be made for the vibrational bands. The absorption 
has to be treated essentially as a line absorption, since under atmos- 
pheric conditions the half-width of the lines is much smaller than 
the average distance of neighboring lines. 


LINE INTENSITIES 
Randall, Dennison, Ginsburg, and Weber measured about 170 


I 


lines in the spectral interval 75 to 550 cm~, and nearly all of the 
observed lines could be identified as transitions between the rota- 
tional levels. The line intensities were not measured, but a graph 
is given from which they can be roughly estimated. Approximate 
theoretical intensities were computed for all the lines; since we shall 
have to use these, it seems worth while to report briefly the way in 
which they have been obtained. The water molecule rotates as a 
rigid body with three different moments of inertia. The molecule 
has a triangular form, and the maximum moment of inertia is per- 
pendicular to the plane of the triangle. The middle moment of in- 
ertia falls in the axis of symmetry of the molecule, which is also the 
direction of the electric moment. For each rotational quantum num- 
ber J there exist 2J + 1 distinct energy-levels, the highest one cor- 
responding approximately to a pure rotation around the smallest 
moment of inertia, the lowest one to a pure rotation around the 
largest moment of inertia, and the other levels to the intermediate 
and less simple types of movement. The levels were calculated from 
quantum mechanical formulae and were in excellent agreement with 
the observed levels. The corresponding formulae for the line inten- 
sities are extremely cumbersome, and it was found prohibitive to 
carry out the calculation for higher quantum numbers. The follow- 
ing approximative method was used instead. Each level of the asym- 
metric rotator can be correlated to a level of the symmetric rotator 
in a double way, according to whether the two largest or the two 
smallest moments of inertia are made to coincide. The line intensities 
were then determined by using an appropriate interpolation between 
the two related symmetric rotator intensities. On general theoretical 
grounds one can expect this method to give a fairly good average 
approximation of the true intensities, especially since the strongest 
lines are emitted if the rotation approaches the symmetric type, Le., 
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is nearly around the largest or smallest moment of inertia. The elec- 
tric moment being in the direction of the middle moment of inertia, 
a rotational movement purely around the latter would, indeed, not 
give rise to a radiation at all. Eventual deviations from the true 
values, especially if they should be considerable, will be greatly re- 
duced by the fact that in our computations we shall use only the 
square roots of the intensities. 
The intensity of an absorption line is given by 


Vv 


e W: kT (4 — hv/kT)\G 


_ 4m NM? | c 





. 3h » TO ad ad 
Here N is the number of water molecules per cubic centimeter, and 
M, is the electric moment of the water molecule which is equal’ to 
1.84 + 10-* electrostatic units. The numerator in the square bracket 
contains the Boltzmann factor of the initial level W, and the Ein- 
stein factor of induced emission. G is a number proportional to the 
quantum mechanical transition probability for the line. The de- 
nominator of the square bracket (Zustandssumme) was calculated 
from the level values given by Randall, Dennison, Ginsburg, and 


Weber, with the result shown in Table 1. The above-mentioned au- 


TABLE 1 





l 
| 
Abs. Temp. 200° ~=| = 220 | 240° 


Dee Wn/kT 


thors, who used only relative intensities, have tabulated the numera- 
tor in the square brackets of (1) for all the identified lines, using 
the method of computation outlined above. If we start from these 
values and consider them as correct for a temperature of 300° abs., 
the corresponding intensities for other temperatures can be readily 
calculated. The figures thus obtained formed the basis of the final 


computations. 


5R. Sanger, Phys. Zs., 31, 306, 1930. 
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LINE SHAPE AND LINE WIDTH 

The precise shape and width of these lines are unknown. One has 
therefore to resort to estimates. It can be stated that collision broad- 
ening is practically the only cause of the line width under atmos- 
pheric conditions. Lines in the visible spectrum show often very 
strong asymmetric broadening under external pressure. This effect 
has been examined theoretically by Margenau® and by Kuhn and 
London,’ and the theoretical results have been experimentally veri- 
fied for the D lines by Minkowski.* The effect is essentially due to 
the fact that the van der Waals forces which a colliding molecule 
exerts are much stronger for the excited level than for the ground 
state. Now, since the rotational transitions considered here are not 
connected with a change in the electronic state, one might expect 
the asymmetric broadening to be completely absent. Another effect 
must, however, be considered in the case of molecules. The water 
molecule being strongly asymmetric, the strength of the van der 
Waals forces must depend upon the relative orientation of the water 
molecule with respect to the colliding molecule. If the mean orienta- 
tion changes during the radiative transition, an asymmetry of the 
line must result. It is difficult to calculate the order of this effect. 
A closer consideration, however, leads one to suppose that it is, in 
general, rather small. Although an exhaustive theory of the absorp- 
tion should include a quantitative account of this effect, we do not 
think that a great error is committed by assuming that the lines have 
a symmetric form. 

There is no direct experimental evidence for the line shape. 
Becker? has measured with high dispersion the lines of a HCl band 
at 1.7 uw and finds them symmetric. Since, however, the HC/ is a 
symmetric and the //,0 is an asymmetric rotator, this evidence is 
not conclusive. No pronounced asymmetries seem to have been ob- 
served in other infrared bands. 

We come now to the discussion of the half-width. The width and 
the pressure broadening of lines emitted by tri- and polyatomic mole- 
cules have recently been investigated by Cornell." He measured the 

® Phys. Rev., 40, 387, 1932; 43, 129, 1932. 

7 Phil. Mag., 18, 983, 1934. 9 Ibid., 59, 601, 19209. 

2S. Jf. PRYs:03; 731; 1935. 10 Phys. Rev., 51, 739, 1937- 
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half-width of the lines in the water bands at 0.9 uw and 1.1 w and 
found them to be under atmospheric conditions 0.57 cm~' and 0.40 
cm~, respectively. While certain other molecules, for instance HCN, 
show a rather pronounced resonance effect if interacting with mole- 
cules of the same kind, no such effect could be observed for water and 
the measurements in steam show a half-width which is only slightly 
higher than the foregoing values. Furthermore, it was found that 
the half-width shows no appreciable increase with increasing rota- 
tional quantum number; there is, rather, an indication for a very 
slight decrease. For a further discussion and other literature con- 
cerning the half-width of band lines, the paper of Cornell may be 
consulted. For such a molecule as H/,0, a standard half-width of 
0.50 cm~ may be adopted as a fairly good approximation through- 
out. We cannot, however, exclude the possibility that the half- 
width of the purely rotational lines is slightly smaller, since the 
width of the higher vibrational bands investigated by Cornell may 
be partly due to a greater sensitivity of the higher vibrational levels 
against perturbations. 
If, now, we adopt the ordinary dispersion form for the lines 


loa 


: T 
uy) = 


(y— »)? + a’ 


, 


where 7, is the integral intensity and 2a the half-width, the total 
fraction of incident radiation absorbed in a layer of thickness «x is 


approximately given by 


"+00 loax 4 
I ee 2V 190X 
A= D6: ee ne )dv = P 2) 
AvJ_« ' Av 


Now, since the half-width varies with pressure and temperature, the 
same is true of the total absorption. We assume Lorentz’ theory of 
pressure broadening” to be valid. Then 27a is equal to the number 
of impacts upon a water molecule per unit time. Since the concen- 
tration of water vapor in the atmosphere is always small, only the 


11 Cf. V. Weisskopf, Phys. Zs., 34, 1, 1933. 
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impacts of a water molecule with air molecules have to be taken into 
account. From kinetic theory, we have, then, 


mM 
| ee ae 


m4 


a = 2N,07p — . (2 
P\ 2rm, RI se 


where V, is Avogadro’s number, / is the air pressure, and m, and 
m4 are the molecular weights of water and air, respectively. The 
‘ cor 


impact diameter is designated by o; our value of a = 0.25 cm 
responds to aa of about 9 A. The proportionality of half-width with 
pressure is, for instance, verified in the quoted measurements of 
Becker on HCl; this may be taken as a test for the applicability of 
the Lorentz theory of impact broadening.” 

The result of Cornell, namely, that the water lines show almost no 
resonance broadening, is somewhat difficult to reconcile with the 
older measurements of Hettner™ for steam. Hettner’s resolving- 
power was not sufficient to let the individual lines appear; his meas- 
urements deserve particular attention, however, since they were 
made for the purpose of obtaining absolute values of the absorption 
coefficient and since Simpson’s theory was based on Hettner’s re- 
sults. Between toy and 21 uw the measurements were made in 
steam of 127°; from 21 uw to 34 uw, where the absorption is larger, a 
saturated mixture of water vapor and air at 81° was used. While 
the values of the latter absorption agree fairly well (at least in order 
of magnitude) with the results obtained in this paper, a dispropor- 
tionate increase in the absorption appears when passing from the air- 
vapor mixture to steam. The decrease in absorption toward shorter 

2H. Kuhn (Phil. Mag., 18, 987, 1934) has suggested a correction of the Lorentz for- 
mula of line broadening in order to account for the fact that for large molecular diam- 
eters the ordinary kinetic formula for the free path becomes invalid. The latter for- 
mula is obtained under the assumption that the molecules are disks perpendicular to 
the direction of their relative motion, while in reality the molecules are spheres. Now, 
the optical diameters are much larger than the mechanical diameters, and an appre- 
ciable interaction takes place only near the puri of closest approach of the molecules 
while in most cases no mechanical deflection occurs. This shows that the Lorentz for 
mula remains correct even for great optical impact diameters. The broadening is, then, 
strictly proportional to the pressure, in agreement with the experiments. 


3 Ann. d. Phys., 55, 476, 1918. 
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waves is far slower than can be expected from our computations; in- 
deed, the absorption continues up to about 10 uw. This is very diff- 
cult to interpret, in view of the fact that the vibrational water bands 
at 1 uw show no appreciable resonance broadening and that the half- 
width seems not to increase with quantum number. The absorption 
found by Hettner must, therefore, be ascribed to some other effect 
which cannot yet be identified. 
COMPUTATION OF THE ABSORPTION 

According to equation (2), the absorption is proportional to the 

square root of the line intensity. We assume that the total absorp- 

















TABLE 2 
Interval 200 220 { 260 80 300 3 

) > } > 
525-550 0.0081 | 0.0098 | 0.0116 | 0.0133 | 0.0151 | 0.0168 | 0.0154 
500-525 0.0103 | 0.0136 | O.OI7I | 0.0210 | 0.0252 | 0.0295 | 0.0352 
475-500.. 0.0032 | 0.0046 | 0.0063 | 0.0085 | 0.0112 | 0.0142 | 0.0177 
450-475 0.03607 | 0.0470 | 0.0571 | 0.069 0.080 | 0.092 ©.104 
425-450 0.072 0.085 0.099 O.5t7 | 6.27 0.158 6.570 
400-425 0.072 | 0.090 0.120 0.147 0.175 0.205 | 0.240 
375-400 0.174 0.230 ©. 292 0.359 | 0.430 0.497 0.559 
350-375 0.686 | 0.848 | 1.02 ia | 2.38 risa. | 2.30 
325-350 °.86 Be: 1.18 I .32 1.46 1.58 1.69 
300-325 1.29 } 1.50 } 1.70 | 1 88 2.04 2.16 2.30 
275-300 3.08 | 3.40 S.70 [gOS at 7 4.35 | 4-50 
250-275 1.82 2.02 2.18 | 2.33 2.40 2.50 | 2.66 
225-250 3.81 4.09 4.37 4.63 | 4.90 ee | 5.30 
200-225... 60.40 6.56 6.76 0.94 | 7.02 | 7.06 | 7,50 
175-200.. | 3-32 3.60 | 3.92 4.22 | 4.48 | 4.69 | 4.86 

TABLE 3 
Interval 220 300° Interval 

150-175 : 7.48 7.7 IOO-125 6.36 6.28 
25-150. . 7.02 7.00 75-100... 6.95 6.10 





tion is the sum of the absorptions due to the individual lines. This 
is justified if, as in our case, the half-width is smaller than the aver- 
age distance of consecutive lines. For large absorption the values 
thus calculated are likely to be somewhat too large; indeed, if ” in- 
dividual lines, each of intensity 7,, are very close together, their com- 
bined absorption will be proportional to Vi,, while our method 


gives the larger value nV i, . 
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The whole spectrum was divided into intervals of 25 cm each, 
and the square root of the bracket in formula (1) was summed up 
for all lines in an interval. In other words, the quantity 

= — 
3h mm V0 


Av 


was determined. The results are given in Tables 2 and 3. 
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If these values are plotted on a logarithmic graph (which has been 
done for 220° and for 300° in Fig. 1), it appears that the decrease 
in intensity at the short-wave end can well be approximated by a 
straight line. This could have been foreseen from the fact that the 
decrease in intensity is mainly determined by the decrease of the 
Boltzmann factors for the higher rotational levels. We used the first 
ten intervals in Table 2; by a least-squares method their decadic 
logarithms were approximated by a function of the form av + 0d. It 
is, however, convenient to take immediately into account the varia- 
tion of the absorption with temperature which is due to the variation 
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of the half-width. According to (2) and (3), this variation of the 
absorption is inversely proportional to the fourth root of the abso- 
lute temperature. Before determining the linear function, the values 
of Table 2 were multiplied by (7,/7)'’4, where T, = 300°. Values 
for a and c were obtained as shown in Table 4. Here, v is measured 


TABLE 4 


Abs. Temp. 2 22 24 a¢ 28 


a 9.0114 >.O112 O.OII! 0.0109 0.0107 0.0100 0.0104 


op ps _ we » ~Q > ’ > aR > 2? 2 
rf / 3:49 O°: 4! 3:4¥Y yy 


in cm~'; a comes out negative. According to (1), (2), and (3), the 


absorption may now be written 


) 
A= R- 10"+>- ! Vx, 
Po 


where /f, is a standard pressure; if the thickness x of the absorbing 
layer is measured in grams of water per square centimeter, we find 


R= saa a 
Av \ 2hcm 
where Av = 25 cm~', a, = 0.25 cm~, and m,, is the molecular weight 


of water. The quantity a,is, to a very close approximation, a linear 
function of the temperature; the corresponding constants can be de- 
termined by applying a least-squares method to Table 4. The quan- 
tity c may, for practical purposes, be considered as a constant; and 
its value may be fixed at 3.77. We find, furthermore, RK = 6.16. We 


shall write the result in the somewhat simpler form 


p 
A = 10vt - “Vr 
Np. 
a= —o.0108 + 8.4: 10°: ft (vy > 300 cm) 
b = 4 50 


where v is expressed in cm~ and « in grams of water per square cen- 
timeter, and where ¢ = 7 — 273 is the temperature in centigrade. 
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It is, of course, understood that if A becomes larger than unity, this 
means A = 1, the absorption being complete. Although the meas- 
urements of the water lines go only up to 550 cm~, there seems to be 
no serious objection to an extrapolation of formula (4) to shorter 
waves; the extrapolation has only to cover a small interval, since 
the calculated absorption rapidly becomes extremely small. 

For vy < 300 cm™, only a minor precision is required, since the 
black-body intensity is already rather small in this region. From 
Tables 2 and 3 we see that the absorption is almost independent of 
temperature and even of wave length; we may put 


A = 26° vi, Vx (300 ca* > > 195 Ce) : 


r) 


{ = 42° NF ei” (75cm > p> 75 cn 


For thicknesses of water vapor as existing in the atmosphere, the 
absorption decreases very rapidly from unity to approximately zero 
between about 400 and 500 cm~. This confirms Simpson’s concep- 
tion of a partly black, partly transparent atmosphere. It would, 
however, appear that the interval of complete transparency is con- 
siderably broader than has hitherto been suspected. 

Brunt™ has given arguments to show that the back radiation of 
the atmosphere toward the ground can, in the mean, be represented 
by the formula a7“ + (a + bVe), where @ is the Stefan-Boltzmann 
constant, e is the water vapor pressure, and a and 6 are constants. 
Unfortunately, a and b are considerably different for different ob- 
servers, but in most cases a rather small value of 6 is obtained. The 


quence of the line structure of the spectrum. The term proportional 


dependence upon Ve is, as Pekeris'® has remarked, a direct conse- 


to Ve is, of course, averaged out in the foregoing computations. A 
quantitative comparison of our results with the total atmospheric 
radiation must be deferred until the absorption of the vibrational 
water band at 6 uw has been determined in a similar way. 

CALIFORNIA INSTITUTE OF TECHNOLOGY 


November 1937 


4 Quart. J. Roy. Met. Soc., 58, No. 247, 1932. 5 Ab. J., 79, 441, 1934. 








ON THE STATE OF MATTER IN THE INTERIOR 
OF THE PLANETS 


RUPERT WILDT 


ABSTRACT 

The bulk of mass in the interior of the planets is in the ordinary condensed state. 
Only in the central parts of Jupiter and Saturn may there be matter in a state approach 
ing the degenerate one. This is concluded from the central pressures of the terrestrial 
planets, as evaluated by Jeffreys, and from the internal pressures of the giant planets, 
which are computed here for a model consisting of a core similar in structure to the 
terrestrial planets, covered by a layer of ice and a layer of solid hydrogen on top of 
it. In this hydrogen layer the conditions are realized under which hydrogen should 
change to a metallic modification predicted by theory. The condensation of ice VII 
from the primeval atmosphere must have started long before the temperature had 
dropped to the critical one, and probably was finished before the critical point was 
reached, which would imply that there never was on the giant planets an ocean of a 
depth comparable to the total mass of 17,0 present. 

Kothari’ has developed a new theory of the white dwarfs, which 
he also believes to give insight into the general features of planetary 
structure. While the usual results for the white dwarfs are left un- 
altered, the new theory predicts a maximum radius for a cold body, 
which is approximately equal to Jupiter’s radius. A graph represent- 
ing the relation between mass and radius of the configuration reveals 
that all the terrestrial and giant planets fall between the two limiting 
curves, which have been derived under the assumption that the 
model planet consists either of pure hydrogen or of pure iron. From 
this coincidence, remarkable though it is, it does not follow neces- 
sarily that the bulk of the planets is composed of degenerate matter, 
and Kothari’s implication regarding the state of planetary matter 
deserves some closer examination. There is, indeed, an important cir- 
cumstance, of which Kothari does not appear to have taken account. 
Since it takes an exceedingly high pressure to bring matter into the 
degenerate state, the equation of state of degenerate matter must 
fail to describe the configuration of the white dwarfs near the sur- 
face. Only for sufficiently massive stars is the boundary layer negli- 
gible compared with the total mass, making it possible to treat these 
stars approximately as if they were composed of degenerate matter 

1 M.N., 96, 833, 1936. 
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throughout. With decreasing mass this approximation, tacitly intro- 
duced by Kothari, must break down finally; and then the theory 
becomes meaningless—for masses even larger than that of Jupiter. 
This will be demonstrated by a discussion of the central pressures of 
the planets. It is held, therefore, that the coincidence of the ob- 
served planetary radii with those predicted from Kothari’s theory 
is of an entirely accidental nature. Besides, the existence of radial 
discontinuities of density in the earth’s interior is an empirical re- 
sult of seismology, which cannot be reproduced by a continuous 
density distribution, such as would follow from Kothari’s theory. 
The natural formation, in cooling bodies of planetary size, of dis- 
continuities of density has been dealt with by Goldschmidt, Tam- 
mann, and other geochemists. These surfaces of discontinuity are 
explained as boundaries of different thermodynamical phases, and 
their existence in the other planets is to be expected by analogy. 

In order to derive hypothetical internal pressures of the planets, 
it has to be supposed that the interior is in true hydrostatic equi- 
librium, i.e., no support to the load of the upper layers is given by 
the strength of the material underneath. As a matter of fact, it has 
been concluded from seismolegical observations that the core of the 
earth has a transversal elasticity practically equal to zero. There- 
fore, a scalar pressure may be assumed as being in equilibrium with 
the gravitational force, and the pressure at the earth’s center can be 
derived under plausible assumptions about the internal density dis- 
tribution. These may be chosen in accordance with the current geo- 
physical and geochemical conceptions. They indicate a pressure of 
about 2.8 X 10° atm. Central pressures for the other terrestrial planets 
have been computed by Jefireys,? who finds 9.7 104, 2.6 X 10°, and 
4.4 X 105 atm. for Mercury, Venus, and Mars, respectively, under 
specified assumptions as to the change of composition and com- 
pressibility along the radius. Internal pressures for the giant plants 
will be evaluated here from a model proposed by the writer? some 
years ago. The giant planets are supposed to consist of a dense core, 
similar in structure to the terrestrial planets; of a thick layer of ice; 

2 Tbid., Geophys. Suppl., 4, 62, 1937. 

3} Géttinger Nach. Math.-Phys. Kl., N.F., 1, No. 5, 1934; also issued as Veréff. d. 
Universitdtssternwarte Gottingen, No. 40. 
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and uppermost of a layer of highly compressed condensed gases, 
mainly solid hydrogen. This picture is the result of reasoning along 
geochemical lines. If the giant planets have been formed from 
ejected solar matter without considerable loss of volatile constitu- 
ents, because their great masses prevent thermal dissipation, the 
original composition of these bodies must have resembled that of 
the superficial layers of the sun. These are known to contain so 
much hydrogen and oxygen that, after all metallic elements had 
been oxidized and the rest of the oxygen had been bound as water, 
there must still have been left plenty of free hydrogen. Oxidation 
of the metals and formation of water vapor have been the main 
processes during the early stages of cooling of the giant planets. 
But the oxidation of the metals cannot have been complete, as may 
be inferred from the well-studied reduction equilibrium between 
iron oxide and iron.’ Therefore, it seems reasonable to conclude 
that the early condensates formed both a metallic and a silicate 
phase, which settled and separated under the influence of gravity. 
The constitution of this core of the giant planets must be very simi- 
lar to that of the terrestrial planets. On top of it there settled first 
the water vapor of the primeval atmosphere as ice, and finally the 
“permanent” gases were condensed in solid form. Some further com- 
ment on these processes will be made later. 

Assuming the giant planets to consist of three homogeneous 
spherical shells of different density, the observed values of mean 
density and moment of inertia permit us to evaluate the radii of the 
two surfaces of discontinuity, as described in the paper hereinbefore 
quoted. The computation had been carried out with the following 
values of the densities of the three layers: 0.35 g cm for the con- 
densed permanent gases, 1.0 g cm~ for ice, and 5.5 g cm for the 
core. The summary treatment of the core, ignoring its composition 
of a metallic and a silicate phase, is necessary for lack of condi- 
tions other than mean density and moment of inertia, which are 
the only observables. The computation has been repeated now with 
the values 0.25, 1.50, and 6.00 g cm~3 for the respective densities. 
The average density of the highly compressed hydrogen assumed 
before was probably somewhat too great. Bridgman‘ measured the 
density of the high-pressure modification VI of ice as a function of 


1 Proc. Amer. Acad. Arts and Sci., 47, 441, 1912. 
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the pressure up to 1.36 g cm~’; an extrapolated density of 1.50 
g cm~3 seems appropriate to the conditions of the planetary model. 
The average of the densities of the four terrestrial planets is 4.7, and 
with regard to the stronger compression the density of the core of 
giant planets had been assumed to be 5.5. The slightly greater 
value 6.00 g cm-* may be preferable, particularly since it is 
realized now that Mercury does not contain a metallic core and, 
therefore, had unduly reduced the average density of the terrestrial 
planets. The results of both the earlier (1) and the present (IT) solu- 
tion are given in Table 1 for Jupiter and Saturn, which mark the 
extremes of density among the giant planets. The differences be- 
tween the old and the new solution convey some idea of the influence 
of the densities chosen. From the radii of the surfaces of discon- 
tinuity the volumes of the three shells have been found, and from 
these the corresponding masses result by multiplication with the re- 
spective densities. Finally, the relative masses of hydrogen, oxygen, 
and metals have been computed by dividing properly the mass of the 
ice shell and assuming the core to contain 20 per cent of oxygen, the 
rest being metals. The relative abundance of hydrogen, oxygen, and 
metals following from this model of the giant planets is quite con- 
sistent with the idea that these very massive bodies have retained 
during their early stages of evolution most of the primeval at- 
mospheres, consisting mainly of hydrogen and water vapor. 

From the data given in Table 1, internal pressures have been com- 
puted for Jupiter and Saturn. Starting with the general formulae 


rG Ss a 
g= | pxtdx and P = ( pgdx , 
; 


) 


it is easy to derive the following equations for the pressure at the 
upper (P,,) and lower (Pg) discontinuity and at the center (P,) of 
the spherical model: 


P, = “GR'p.(* — 1)] Bp. + (at — Bp, 
3 a 








Ps = STGR'B'p, c — de + & — r) : 








Pe — Pa = “xGR'B'p2 
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On introducing the equatorial radii R of Jupiter and Saturn taken 
from Rabe’s’ discussion, one gets the pressures contained in Table 2. 








TABLE 1 
THREE-SHELL MODEL OF THE GIANT PLANETS 
(aR and BR are the radii of the outer and inner surfaces of discontinuity) 
Densities (g cm~43 Po Py Py 
I ro ee 1.00 5.50 
I] 0.25 1.50 6.00 
JUPITER SATURN 
I 11 I 11 
a 0.555 0.820 0.5360 0.662 
B 4904 431 376 258 
I—a> 375 449 840 710 
ai — 6 504 471 101 273 
p3 121 O50 053 O17 
(1—a}3)po 131 113 200 178 
(a3— 33) px 504 707 101 410 
P3pc... 6606 450 292 102 
Hydrogen 186 1g! 307 223 
Oxygen 583 725 148 285 / 
Metals 0.532 0.384 0.234 0.082 
TABLE 2 
INTERNAL PRESSURES OF THE GIANT PLANETS (ATMOSPHERES) 
. | 
| 
JUPITER SATURN 
| | | | 
I | I I 1] 
Pa : 9.7°105 | 9.4108 | 1.2:10° | 6.6105 
i | 1.47107 | I.2°107 | 2.2:10° | 3.8-10° 
Pek... | 6.6:107 | §.g°107 | 2.5°10' | 1.6°107 
These are to be compared with the pressure necessary to produce 
degeneracy, which is of the order of magnitude of 10° atm. for iron, 
according to Hund,° whose comprehensive review on the properties 
of matter under high temperatures and pressures should be con- 
sulted. With due regard to the approximate character of the plane- 
5A.N., 234, 153, 1928. | 


© Ergebnisse der exakten Naturwissenschaften, 15, 189, 1936. 
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tary model, it may be safely concluded that only in the innermost 
parts of Jupiter and Saturn matter might be in a state approaching 
degeneracy. The central pressures of the terrestrial planets, quoted 
above, are far below that necessary to make matter degenerate. 
Essentially the same conclusions had already been reached by Hund, 
but they had to be restated here with regard to Kothari’s contrary 
views, published later, and the more reliable internal pressures de- 
rived by Jeffreys and in this paper. 

Moreover, the pressures of Table 2 suggest some interesting 
speculations. Recent work of Wigner and Huntington’ hints at the 
hypothetical existence of a high-pressure modification of solid hydro- 
gen which should display metal-like properties. These authors have 
computed the energy of a body-centered lattice of hydrogen atoms 
as function of the lattice constant. The lattice energy assumes its 
minimum value for a lattice constant corresponding to a density of 
0.59 gm cm~%, the density of the ordinary molecular lattice of hydro- 
gen being only o.o89 under normal pressure. From the heat of 
formation, Wigner and Huntington estimate that the realization of 
the hypothetical metallic modification would probably require a 
pressure of a few hundred thousand atmospheres, but possibly an- 
other modification of high density with a layer-like lattice would be 
obtainable at even lower pressures. The advancement of both theo- 
retical and experimental investigations to this end is much to be 
desired for its eventual consequences concerning the internal con- 
stitution of the giant planets. Hydrogen possesses an enormous com- 
pressibility in the solid state, which strongly decreases with increas- 
ing pressure, but has not yet been measured up to the greatest 
available pressures. Therefore, the distribution of density in the top 
layer of the giant planets cannot be computed rigorously for the 
present, and a constant mean density of 0.35 and 0.25, respectively, 
had to be introduced in the preceding calculations. Since the critical 
temperature of hydrogen is only 14° K, the condensation of hydro- 
gen on the giant planets must have happened directly from the 
gaseous state without passing through the liquid phase. A similar 
argument applies to the condensation of water vapor during the 
early evolution of the giant planets, as will now be shown. 


7J. Chem. Phys., 3, 764, 1935. 
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Simon® proposed a semiempirical formula for the melting-curve 
and tested it by application to a great variety of organic and in- 
organic substances, including the condensed permanent gases 
studied by himself. This formula reads generally 


log (P + a) = b+ logT ; 
and with the numerical constants for hydrogen,° 
log (P + 220 kg cm™) = 0.191 + 1.879 log7T. 


An attempt to represent Bridgman’s measurements! of the melting- 
curve of ice VI by a Simon formula leads to the equation 


log (P + 1100 kg cm?) = —6.723 + 4.350 log T 


By inserting the critical temperature of water, 7 = 647° K, into 
this formula, one gets a melting pressure of about 300,000 atm. 
While this paper was being prepared, Bridgman” announced the dis- 
covery of a new high-pressure modification and called it ‘ice VII.” 
The triple-point between the phases VI-VII-liquid has the approxi- 
mate co-ordinates P = 22,400 atm., T = 355° K. The melting- 
curve of ice VII, realized by experiments, extends now up to P = 
40,000 atm. and J = 465° K. The observed part of the melting- 
curve of ice VII is too short to make the derivation of a Simon 
formula feasible. But the’ extrapolated melting pressure of ice VII 
at the critical temperature of water can be estimated from a graph, 
and is probably only about 100,000 atm.—a very small number com- 
pared with the internal pressures of the planetary layer of ice (see 
Table 2). Pressures of this order of magnitude—amillions of at- 
mospheres—must have prevailed already at the deeper levels of the 
primeval atmospheres of the giant planets, soon after the refractory 
metals and silicates had formed and coalesced into the core. It 
therefore appears most probable that the condensation of ice from 
the atmospheres of Jupiter and Saturn occurred at temperatures far 


8 Zs. f. anorg. u. allg. Chem., 178, 309, 1929. 
9F. Simon, M. Ruhemann, and W. A. M. Edwards, Zs. f. phys. Chem., Abt. B, 6, 
331, 1930. 


10 J, Chem. Phys., 5, 964, 1937. 
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above the critical point of water, i.e., without passing through the 
liquid phase. The details of this process are difficult to visualize, 
but it seems certain that there never was on the giant planets an 
ocean of a depth comparable to the total mass of the planetary H/,0. 
The transitory existence of a shallow sea cannot entirely be ruled out. 
In any case, the state of the uncondensed part of the primeval 
atmospheres, with respect to their content of volatile mineral com- 
pounds, may aptly be described as a hypercritical solution. Finally, 
the existence of the hypothetical metallic hydrogen may be neg- 
lected for the moment, and the melting pressure of the molecular 
hydrogen may be extrapolated from Simon’s formula, given above, 
for the critical temperature of water. One finds about 340,000 atm., 
which is considerably less than the pressures at the base of the 
hydrogen layer (see Table 2). As a matter of fact, the extrapolated 
melting-curves of H, and H,O VI intersect at about 658° K and 
345,000 atm., slightly above the critical temperature of water, 
which would imply that the condensation of ice VI and molecular 
hydrogen must have occurred simultaneously in this range of tem- 
perature and pressure. This conclusion has become meaningless by 
the discovery of ice VII, the melting-curve of which does not inter- 
sect that of molecular hydrogen. But there is still the possibility that 
the melting-curves of ice VII and of the metallic hydrogen might 
intersect. If this should happen to be the case, some further inter- 
esting consequences would ensue. Yet it would be premature to go 
into these details. As the matter stands now, it would seem that the 
condensation of ice was finished before that of hydrogen had started 
at all, on account of the different order of magnitude of the respective 
melting pressures. 

It is realized that the preceding speculations are entirely based on 
an extrapolation of the properties of matter studied under compara- 
tively low pressure, and their tentative character should be empha- 
sized once more. But the results are consistent with, and therefore 
lend support to, the assumed model of the giant planets. No account 
has been taken of the gaseous atmosphere, since its depth must be 
negligible compared with the radius of the giant planets, as was 
pointed out by the writer’ and as has recently been demonstrated by 
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Peek" in a more detailed manner. Promising progress is being made 
toward the realization of higher pressures, and investigations on the 
phase diagrams of mixtures of condensed gases and their compressi- 
bilities are now under way in various laboratories. Once they have 
been completed, extrapolations deserving more confidence may be- 
come possible regarding the state of the planetary layers of ice and 
solid hydrogen. 

The writer is greatly obliged to Professor H. N. Russell, who kind- 
ly discussed with him Kothari’s theory and agreed with the con- 
clusion that the theory has no bearing upon the internal constitution 
of the planets. This may be recorded here, since Dr. Kothari stated 
that his work was inspired by certain earlier remarks of Professor 
Russell’s. 

PRINCETON UNIVERSITY OBSERVATORY 


January 1938 


1M .N., 97, 574, 1937. 


RADIAL VELOCITIES OF SOME EARLY-TYPE STARS* 
ROSCOE F. SANFORD AND PAUL W. MERRILL 


ABSTRACT 

Table 1 lists radial velocities for 56 early-type stars not hitherto observed. Many 
are faint, and 32 fall within three rather small areas in Cygnus, Cepheus, and Cassio- 
peia. Six stars which probably are spectroscopic binaries are given in Table 2. 

The program for the determination of the radial velocities from 
the interstellar lines has provided as a by-product a number of new 
stellar radial velocities. These velocities in many cases are not very 
accurate, nor are they well distributed in longitude. They do, how- 
ever, contribute results for several faint stars. Thirty-two of them 
are in three restricted areas, as follows: 8 in Cygnus, 8 in Cepheus, 
and 16 in Cassiopeia. These new radial velocities are collected in 
Table 1. The spectral types have been derived from our own slit 
spectrograms. The letters following the velocities indicate the writ- 
ers’ estimate of the possible limits of error, more or less in accordance 


with the following scheme: 


Symbol Limit of Error Symbol Limit of Error 
; ee sina 4 km/sec D ; 15 km/sec 
ee can, oO EK ee | 
eee ee? 


The quality of the lines is noted for those stars whose velocities 
depend upon a single plate, and for a few cases in which the velocity 
is derived from two plates with poor lines. 

Six additional stars not previously observed, whose spectrograms 
furnish fairly convincing evidence that their radial velocities are 
variable, are listed in Table 2. The observed velocity range is given; 
also the mean of the available observations, which, of course, is not 


necessarily close to the true systemic velocity. 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washing- 


ton, No. 501. 
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TABLE 1 | 








l l 
- | RADIAL No | 
HD a Mac. | SP VELOCITY | oO! LINES 
| R.A Dec | KM/ SE | PLATES | 
| 
1334 obr2™5 | +58°30 7.8 Bs 4E | 1 Good 
1544 14.6 | +61 31 8.0 Ben 41B | 2 
1810 17.4 +61 41 8.2 Ban | 47C | 2 
2974 27-9 +60 Oo Tae Bo | -f- i1¢ I Good 
4717 44.2 | +62 37 8.8 | cAr — sol) | 2 
4708 44.6] +590 7 3:0: | cBs | 30 2 
5455 st.3 | +62 1 8.6 Ban 42(¢ 2 
5551 92.2 | 6g 01 7-7 B31 51 3 
5770 54-3 TO2Z 30 5.4 cAo 37E I Good 
6182 57.8 | +61 18 8.6 Bi | — 43B 2 
80065 [16,0 | 4r76 12 6.1 cA2 70A 5 
12302 55.6 | +59 12 8.2 B 3 4B 3 
12981 2 2.0] +55 36 9.5 B3 - 32K I | Fair 
13470 6.6] +55 O oO: £ cAo 28C 2 
15316 22-8 | “57-22 7.3 cA2 44A 4 
15558" 25.1 | +6: 1 7.8 B Sole 4 
107796 30.3 SO 2 7 cBo 208 2 
18409 52.4 | +62 19 8.0 Bo 44E I Fair 
25914 4 1.2] +56 50 8.1 cB3 26K I Good 
41089 6 1.6 | +62 21 8.6 Ban + 39K 2 Poor 
05339 7 $2.2 +60 30 6.0 cA8p - 3k I Good 
66665 g0.6 | -- 0 20 8.1 B3 + 20D 2 
68408 8 7.4 13 52 8.5 Ape + 12K I Fair 
160529 | 27 26.2 4 me 6.7 cAgea | — 32B | 2 
161961 43.4 2 «9 8.2 Bo | 3E I Fair 
162978 48.7 | 24 52 6.1 Bo | 14B 5 
164402 55.8 | 22 40 Ow 30 r3C 2 
164637 57.0 | 22 43 6.6 30 + 15(¢ 2 
105784 | 18 2.6 rt 28 6.6 cA2 14A 1 
175514 50.6 | + o 13 8.5 Bon | 9sE | 2 Very poor 
178120 19 2.3| +317 8.0 Bz | + 26K I Good 
157320 44.3 +19 24 ao Ben 73 On 2 Very poor 
227460 20 0.6 | +35 59 10.0 Bz | — 10C 2 | 
227586 1.8 | +35 20 9.4 Br | 14k | I Good 
227034 ee 735 20 7.6 s1 Isk | 2 
227707 220 +35 18 9.6 B2 | 13E I air 
227836 4.3 +35 50 10.9 B 2¢ 8D | 2 
227577 aX 35. 10 0.5 Ban 100k. | 2 Poor 
227960 5.4 | “35 45 10.0 Bo | 7B 2 
IQIQI7 7.2 | +35 39 7.8 Bi + 4k 3 
204904 21 27.0 | +59 56 “fel B2 20A 6 
205704 32.6 | +57 1 8.7 B3 14k I Good 
206182 an. 4+--6 22 8.1 Bo 4k I | Fair 
207673 45.6 | +40 40 6.5 | cAo + 3C 3 
207951 47.8 | +61 20 8.1 B2 + SE | I Fair 
208440 sI.I | +62 6 8.8 B2 + 26K I Fair 
200454 5.4 1 Or 4 sey, B3n 17D 3 | Poor 
210478 22 5.6 | +60 3¢ 7.3 B2 42E I | Fair 
| 
* HD 1rs<<8. A range of 92 km/sec in the velocity from the four plates is not considered cont lusive 
evidence of velocity variation because the lines are so poor. 
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TABLE 1—Continued 


HD M SI VieLocity OF LINES 


R.A Dec 
211971 | 22"15™ | +50°3 7.2 cA 17B 
223385 Ft.f...| 23 44.0 | +61 40 8 cA 14B 2 Good 
222Q00 | 18.09 I-60 18 ; cAoea 1SA 5 
223957 19.2 FOL 3 ; b AsA 5 
224424 §2.7 rso -oO Boea 7 yA e 
224905 | 50.6 59 54 O $3n 17B 2 
225140 es. ( 2 8.6 Te 20B | 
225100 | 55.0 rOr 4 S 6 Osec 101 4 
t HD 223385 Ft. Our recent spectrograms give a mean! | velocity of | sec for HD 85 Br. 


TABLE 2 


EIGHT STARS SHOWING VARIABLE RADIAL VELOCITIES 


M & wD | R NG 
HD VELOCITY PLATES 


1282* o'12™Q9 +61° 10’ 7.0 B 40 2 
1743 10.0 OL 3d 5.4 B 2 to QR 29 2 
15320 2 51.0 00 10 ‘ Bon 522 tO - 2 {Oo 4 
45270 © 37-5 I 49 7.8 O8 1to+ 63) +33 1 
227090 20: 2.6 35 27 a) B2 150 to +1 r207 3 
IQiO12 5-7 T35 20 o.2 ) 26 to 4 -: 21 4 

* HD 1383. Oneo, che three plat | elocity ra of 186 t 4 1/sec 


CARNEGIE INSTITUTION OF WASHINGTON 
Mount WILSON OBSERVATORY 


February 1935 








ON THE HELIUM AND HYDROGEN CONTENT 
OF THE INTERIOR OF THE STARS 


BENGT STROMGREN 


ABSTRACT 

Recent investigations of the problems of energy generation and transmutation of 
the elements in the interior of the stars has led to the conclusion that the ratio of the 
content of helium to the content of heavy elements is high, 6 being a lower limit of the 
ratio. This conclusion is discussed with the aid of the mass-luminosity relation. Chem- 
ical compositions are derived on the helium hypothesis. The helium hypothesis is 
found to be compatible with the mass-luminosity relation. No definite decision for or 
against the helium hypothesis can be made on this basis alone. The assumption of a 
constant ratio of helium to heavy elements leads to curves of constant hydrogen in the 
Hertzsprung-Russell diagram which are very similar in nature to those previously 
obtained on the assumption of negligible helium content. 

The problems of energy generation and transmutation of the ele- 
ments in the interior of the stars has recently been investigated by 
von Weizsicker.t Through a discussion of the processes between 
light atomic nuclei the conclusion is reached that the net result of 
these is the transmutation of hydrogen into helium and neutrons. 
The neutrons are immediately captured by heavier atomic nuclei. 
Formation of heavier elements is due almost exclusively to such 
neutron capture processes. 

Von Weizsicker finds that, through the processes considered, at 
least two helium nuclei are formed for every neutron. Hence, the 
mass of helium formed is at least eight times the mass of neutrons 
that go into heavy elements. Therefore, if the heavy elements were 
formed exclusively out of neutrons, the mass of the heavy elements 
formed would be less than one-eighth of the mass of helium formed. 
Proton captures are probably of importance, however, in the forma- 
tion of the elements, at least up to beryllium. Allowing for this effect, 
it is seen that the amount of helium formed by transmutation of 
hydrogen is at least about six times the amount of heavy elements 
formed. 

On the hypothesis that the stars are initially pure hydrogen stars, 
the composition at the present time being the result of transmuta- 


t Physik. Zs., 38, 176, 1937. 
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tion processes (the so-called Aufbau hypothesis), the von Weiz- 
sicker theory leads to the conclusion that at the present time the 
helium content of the stars must be at least about six times greater 
than the content of heavy elements. 

The theory of nuclear transmutations in the interior of the stars 
is as yet admittedly tentative. Also, the Aufbau hypothesis is at 
present by no means the only one possible. Therefore, it is important 
to investigate the problem of the helium content of the stars by in- 
dependent methods. 

An approach to the problem can be made by the study of the 
chemical composition of stellar atmospheres. The ratio of helium 
and heavy elements found in a stellar atmosphere constitutes an 
upper limit to the ratio of helium and heavy elements in the interior 
of the star. Also, the atmospheric value of the ratio of helium to hy- 
drogen is a lower limit to the value of that ratio in the interior. The 
determination of the helium and hydrogen contents of stellar at- 
mospheres, however, is one of the most difficult problems in the 
analysis of stellar spectra. Though the results of the investigations 
of atmospheric helium content by Unséld? are not favorable to the 
assumption of a high helium content, there is, in view of the difficulty 
of the atmospheric problem, some room for doubt. 

In the present paper we shall be concerned with the problem 
whether the high helium abundance that follows from the von Weiz- 
sicker theory when combined with the Aufbau hypothesis is com- 
patible with existing data on the masses, radii, and luminosities of 
the stars. A short summary of the principal results has been pub- 
lished previously by the author.* Attention is also drawn to a dis- 
cussion, by Biermann,’ of the problem of determining the chemical 
constitution from the mass-luminosity relation when a high helium 
abundance is assumed. 

The problem of finding the hydrogen content of the interior of 
the stars with the aid of the mass-luminosity relation has been con- 
sidered by Eddington’ and by B. Strémgren.® In these investiga- 
tions it was assumed that the helium content could be neglected. 

2Zs.f. Ap., 3, 81, 1931. 3 Erg. exakt. Naturw., 16, 465, 1937. 

4 Vierteljahrsschrift d. Astr. Ges., 72, 329, 1937. 


5S M.N., 92, 364, and 471, 1932. 6 Zs. f: ADs 4.138, 10325 Fe 2295-1043. 
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We shall here consider a similar application of the mass-luminosity 
relation. There is, however, when the stellar material is assumed to 
consist of hydrogen, helium, and heavy elements, one more unknown 
in the problem. The chemical composition can be determined as a 
function of a parameter only—say, the mean molecular weight. If a 
definite assumption is made concerning the ratio of helium to heavy 
elements, the problem becomes definite once more. 

Let us assume that the composition of the stellar matter is such 
that 1 gram contains XY grams of hydrogen, Y grams of helium, and 


U grams of the Russell mixture of heavy elements’ so that 
ae) ee (1) 


For the compositions with a high ratio of helium content to heavy 
element content, in which we are particularly interested, U will be 
relatively small compared with unity. In that case the mean molec- 
ular weight is given with ample accuracy by the following expres- 


sion: 


iu 


This equation is valid when hydrogen and helium are completely 
ionized and when, further, the number of free particles per my 
gram of the Russell mixture is 3. Under the physical conditions in 
question this is sufliciently nearly the case,° considering that the 


error in 1/u is equal to the deviation of x from } multiplied by the 


small factor U 
From (1) and (2) we tind, by elimination, 


Y= -—-0.6+0.8 +0.2U, (3) 
L 

> we . 

J = [.0—~-~ O Pe) —_ cv ° (4) 
iv 


For small values of U, these values of Y and Y differ but little 


from X* and Y*, defined as 











eR 
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The mass-luminosity relation we write in the following form:*° 
a 4mGcM(1 — B . (7) 
ak 
with 
ae ' 
1— 8 = 0.00309 | 4, usp , (8) 
2. (9) 
and 
oe ; Pp, . 
Ke = [25.59] - (144 X) 73.5 ; (10) 
M\/{R 
p= 76-5 (47 )(p ) ‘ (11) 
Vf R . 
ee \ ) 
lr. = \7 eee ) Lp , (12) 
=. 
pmea(T, (12) 
UAT >( 2am, (kT) 2 tes 
w/RKL — m, ; ae I 
h3 p Hy;+X 4 


In obtaining (10) and (14), use has been made of the fact that the 
number JN, of free electrons per unit volume is given by 
, ‘ : ‘ p tI + X 
N, = (X¥ +3Y + 3U) = : (15) 
My My, 2 
When the helium content is zero, the factor U in (10) becomes 
equal to 1 — XY, so that x, contains the factor 1 — YX’. In this form 
the relation was used in the previous work. 
The guillotine factor 7 can be obtained from a table used in the 


6 


previous hydrogen-content calculations.° We have, as before, used 
the rule of calculating 7 at the point where the temperature is equal 
to two-thirds of its value at the center. 

In many of the cases considered, electron scattering was of im- 
portance. The effective opacity was calculated by the empirical 
rule previously established,°® namely, that it is equal to the greater 
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of the two quantities, photoelectric opacity « and electron scattering 
a, plus 1.5 times the smaller. This rule was actually used for densities 
and pressures somewhat outside the range for which its accuracy had 
been established by numerical integrations. The uncertainties aris- 
ing on this account, however, are insignificant. 

From equations (8) to (12) we find, by elimination, 


ied ca ae ror el ey ee) oo 


o, 


The following procedure was then adopted. The mean molecular 
weight « was considered as a parameter. For a star with observa- 
tionally known values of the mass M, the radius R, and the luminos- 
ity L, an assumed value of u leads to definite values of 6B from (8), of 
r according to (11) to (14), and of U according to (16). Finally, X 
and Y are found from yw and U with the aid of equations (3) and (4). 
In carrying out these calculations, one approximation had to be 
made, namely, the substitution of 1 + X*, instead of 1 +N, into 
(14) and (16), since U was not known at the stage of the calculation 
in question. The error in 1 + _X, viz, 0.2 U, is quite small, however, 
for the small values of U that we are mainly interested in. If neces- 
sary, a second approximation with the value of U found from the 
first approximation could easily have been carried out. 

In making the correction for electron scattering, the following 
procedure was adopted. The effective opacity at the center was cal- 
culated from equations (7), (8), and (9). This was reduced to the 
point for which the temperature is two-thirds of the central tempera- 
ture. The electron scattering was calculated as 0.2 (1 + X*), and 
was then subtracted from the effective opacity, according to the em- 
pirical rule quoted above, to give the photoelectric opacity. Finally, 
U, as calculated from (16), was corrected according to the ratio of 
the photoelectric opacity to the effective opacity. 

In the actual calculations, Y*, as defined in (6), was used as a 
parameter instead of u. This had the advantage that for small values 
of U the values of X and Y vary almost linearly with the parameter. 

The calculations were carried out for a number of typical stars, 
suitably distributed in the Hertzsprung-Russell diagram, sufficient 
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to give practically the same amount of information that a discussion 
of all available stars would have given. These stars are considered 
in turn in the following. 

The sun.—The values found for the content of heavy elements U, 
of helium Y, and of hydrogen X are given in Table 1 as a function of 
the parameter Y*. The mean molecular weight yu, and the ratios of 
helium to heavy elements and of heavy elements to hydrogen are 
also given, together with the central temperature, 7., and the rela- 
tive radiation pressure, 1 — 8, for the standard model, and log r. 























TABLE 1 
y* | 7 U y X | Y/U | U/X Te 1-8 log r 
| | — = = — 
} | ; 
0.0 | ©.50 | 0.002 0.00 1.00 | Oo | 0.002 10*10°} 0.000 0.87 
I | 53 004 og 0.90 | 22 | .005 | ¥ . 000 88 
2 57 009 19 0.80 21 Ol! II . 000 .88 
2 62 02 28 0.70 | 15 026 | 12 . 000 .88 
4 07 O04 30 0.61 | 10 050 | 13 ool .86 
5 73 07 2 O.51 | 6 | 14 14 .OOI .84 
0.6 | 0.80] 0.14 0.43 0.43 3 0.32 15 0.001 0.81 
| | 





The solution in the first row of Table 1, with no helium, corre- 
sponds to the almost pure hydrogen (99.8 per cent) solution dis- 
cussed in previous work.*° The solution in the next row has a g per 
cent helium admixture, which slightly increases the molecular 
weight. The corresponding increase in the predicted luminosity is 
precisely compensated by the increase of opacity due to the increase 
in the content of heavy elements. Going downward in the table, the 
helium content increases, the effect on the luminosity being com- 
pensated by the increase in the content of heavy elements, as before. 
In the solutions in the last two lines the content of heavy elements 
has an appreciable influerice on the mean molecular weight. This 
explains the fact that an increase in the mean molecular weight is 
obtained with practically constant helium content. Some of the 
values in Table 1 differ slightly from those previously published.? 
This is due to the fact that we have here taken account of the varia- 
tion of +/(1 + X) with yu, and corrected for electron scattering. 

Increasing the mean molecular weight still further, solutions are 
obtained for which the helium content decreases, the increase in the 
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content of heavy elements more than compensating the correspond- 
ing decrease of the mean molecular weight. These solutions are not 
particularly interesting in connection with the helium problem. They 
are of some interest, however, in showing clearly the transition to the 
previously considered solution with no helium. In Table 2 three 
solutions are given, with the mean molecular weight as a parameter. 
In calculating these solutions, 1 + XY was put equal to the value for 


the solution with no helium. This procedure gives ample accuracy 


here. 
TABLE 2 
| | | | | | 
P > a y | x | vyww | ox | fT. 1-8 | logr 
0.8 0.14 0.43 O.Az 4]. 3 | ©.23 | I§*ro"’} 0.00% 0.5! 
020%; 35 9 a6 | 0.0" | E30 18 | .002 78 
ESO: %.; 0.73 |—0.14 ©.20°|=—6.2 | 2.2) | 26 | 0.003 | 0.75 


| | | | 


The solution in the first line in Table 2 is the same as the one in 
the last line of Table 1. The solution with no helium content is 
found by interpolation to Y = o. The corresponding yp is 0.98, with 
X equal to 0.36. This agrees with the result of the previous investi- 
gation,°® except for a slight difference in Y due to our adoption of 
2 = 4 (cf. p. 523). 

We now proceed to a discussion of the results given in Table 1 in 
connection with the von Weizsicker theory and the Aufbau hy- 
pothesis. If the ratio Y/U of helium to heavy elements is assumed 
to be greater than 6, only the solutions with Y* < o.5 are permitted. 
Ratios of helium to heavy elements higher than about 20 would not 
be compatible with the adopted mass-luminosity relation. To any 
specified value of Y/U smaller than this limit, there correspond two 
solutions, one of which is an almost purée hydrogen solution. 

The problem of the almost pure hydrogen solution also arose in 
the previous discussions*® of stars with negligible helium content. 
It was assumed that the solution could be ruled out as being contra 
dictory to the results obtained from the analysis of the solar atmos- 
phere (cf. p. 521). In fact, with 1000 H/ atoms to each heavy element 
atom in the solar atmosphere, the atmospheric value of the ratio 
U/X is about 0.03. As was mentioned before, this is, then, a lower 
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limit to the value of U/X in the interior. Under these circumstances 
the almost pure hydrogen solutions are ruled out. In fact, the range 
of possible solutions is now comparatively narrow, as appears frorn 
Table 1, the permissible range of Y* being from 0.3 to 0.5. 

If an atmospheric composition of 100 H atoms to each heavy ele- 
ment is assumed, then the corresponding permitted range of solu- 
tions does not include ratios of helium to heavy elements as high as 
the minimum value 6, so that the conclusion of the von Weizsicker 
theory and the Aufbau hypothesis regarding the helium content 
would be contradicted. 

It is clear that the atmospheric ratio of hydrogen and heavy ele- 
ments plays an important role in the problem of the helium content 
in the stellar interior. Certain aspects of the question are considered 
in a forthcoming paper by the author. 

Choosing a ratio Y/U of helium to heavy elements equal to 1o, 
the following chemical constitution is obtained for the sun (cf. Ta- 
ble 1): about 60 per cent hydrogen, 36 per cent helium, and 4 per 
cent heavy elements (Russell mixture). 

In the investigations of the hydrogen content made under the as- 
sumption of negligible helium content, the uncertainty of the chem- 
ical composition resulting from the uncertainties of the model, and 
of the observational data, was clearly illustrated by Eddington’s 
diagram’ of the predicted luminosity as a function of the hydrogen 
content (the uncertainties just mentioned are equivalent to a par- 
ticular uncertainty of the observed luminosity). In our discussion, 
in order to get the same kind of information, we can make use of the 
fact that, according to (16), for a given yu, U is inversely proportional 
to the luminosity Z. It should be remembered, however, that the 
value of U corrected for electron scattering does not strictly follow 
this rule, the variation being somewhat larger. For the last four lines 
of Table 1 this effect of scattering is very small. 

We now proceed to an analogous discussion for a number of other 
Stars. 

Sirius A.—The values of the mass, the radius, and the luminosity 
adopted for this star were derived by Kuiper:’ log M/Mo = 0.38, 
log R/Ro = 0.25, log L/Lo = 1.63. They differ but little from those 


7 Ap. J., unpublished. 
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used in a previous discussion.® They lead to the following values of 
the mean molecular weight and the hydrogen content on the assump- 
tion of negligible helium content: w = 0.95, Y = 0.36. The values 
obtained are given in Table 3 and are analogous to those given in 











TABLE 3 

| | | | | | | 
y* m | U Y X |} Y/U | U/X Te | 1-8 log r 
al | | ( = 
0.0 | 0.50 | 0.0001} 0.00 1.00 | ° ©.0001| 13*10°| 0.001 0.70 
I 53 002 | 10 0.90 or} 002 | 14 oo! 70 
2 | 57 005 | 19 | 0.80 | 38 006 002 | 69 
ae 62 O13 28 0.70 | 22 | 02 | 10 | 003 | 07 
a A 67 | 03 | 30 | 0.61 | Il 06 | 18 003 | 04 
5 73 07 41 | 0.51 | 6 .14 19 |} .005 | 62 
0.6 bw O.T7 tall tia dl 2 nae | 0.007 | 0.60 

| | | | | 














Table 1. For the lower lines of the table the values of U, Y, and X 
are very nearly the same as for the sun. The difference in the upper 
lines is due to the greater electron scattering correction in the case of 
Sirius A. 

Table 4 is analogous to Table 2 and, like the latter, shows the 
transition to the solution with vanishing helium content. The com- 








TABLE 4 
‘ere: re |. | | | 
“ Jn eee Re a | U/X | Te | 1-B | log 
| | 
°.8 eats | 0.17 | 0.40 | 0.43 | 2 0.4 21°I10°| 0.007 0.60 
0.0... 45 | 17 | 38 | 0.4 I.2 | 23 | ,omr | 57 
| 0.28 |—0.2 3.2 | 26 | 0.017 0.53 


fee | 0.91 |—0.19 





ments on the tables are practically the same as in the case of the 
sun. The permissible range of the ratio Y/U here extends consider- 
ably farther, to somewhat beyond 60. 

With Y/U = to the following composition is obtained: 60 per 
cent hydrogen, 36 per cent helium, and 4 per cent heavy elements. 
This is exactly the same as for the sun. 

Capella A.—The values of the mass, the radius, and the luminos- 
ity adopted for this star were derived by Kuiper,’ who used spectral 
classes of the two components as redetermined by Morgan: 
log M/Mo = 0.62, log R/Ro = 1.22, log L/Lo = 2.08. They lead 
to the following values of the mean molecular weight and the hydro- 
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gen content on the assumption of negligible helium content: wu = 1.04, 
X = 0.29. The values are given in Table 5 and are analogous to 


those in Table tr. 


TABLE 5 

l | l ] 

| | | | 

| 5 sm = a eee 
re | » | a + 2 y/U | U/xX | Te | 1-6 log r 
0.0 | 0.50 | 0.001 0.00] 1.00 © | 0.001 | 3°10° | 0.003 | 0.07 
I e% 002 10 | 0.90 | 460 | 002 | 3 004 06 
2 | 57 005 19 o.8o | oF | 006 3 006 06 
3 | 62 O12 29 0.70 | 24 | 02 | 3 007 06 
4 67 025 37 0.60 15 | 04 | 3 O10 05 
5 73 07 42} 0.51}; 6 | .13 | 3 O14 05 
0.0 0.50 | O.I1 fe) 47 | 0.42 | 4 {| 6.26 | 4 0.020 0.04 














Table 6, analogous to Table 2, shows the transition to the solution 
with vanishing helium content. Again the values are very similar 
to those obtained for the sun and for Sirius A. The magnitude of the 
scattering correction is intermediate between these two cases. 


TABLE 6 
| | | | — 
m | l } X Y/l | U/X | 7 | 1—f | log r 
} | } | | 

0.8 | o.1r | 0.47] 0.42 4 | 0.3 | 4*10° | 0.020 0.04 
0.0 26 | 10 36.) 268 | OB Ts 031 02 
a=. | 55 | 14 31 Og f Eee 15 045 Ol 
rt | 0.906 |—o.28 0.32 6.3 a.@> | 3 0.078 | 0.00 





With Y/U = to the following composition is obtained: 57 per 
cent hydrogen, 39 per cent helium, and 4 per cent heavy elements. 
This is very nearly the same as for the sun and Sirius A. 

¢ Herculis A.—This star was chosen as a representative of the 
subgiant stars of about the solar mass, with radius and luminosity 
appreciably higher than for the sun. Kuiper’s values’ for mass, 
radius, and luminosity were adopted: log M/Mo = —0.02, 
log R/Ro = +0.30, log L/Lo = +0.60. They lead to the follow- 
ing values of the mean molecular weight and the hydrogen content, 
on the assumption of negligible helium content: w = 1.45, X = 0.11. 

¢ Herculis A was preferred to the stars of similar type among the 
spectroscopic binaries, as the observational data were considered 
more reliable. The mass is not as accurately known as in the cases 
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considered above, the probable error of log M/Mo being +0.05. An 
increase of log M/Mo equal to the probable error would make the 
star almost exactly comparable with an average star, according to 
the observational data for the spectroscopic binaries mentioned. 
The corresponding hydrogen content, on the assumption of negligible 
helium content, would be slightly less extreme, viz., Y = 0.16. A 
change in the mass of the magnitude considered would not appre- 
ciably change the conclusions hereinafter drawn. The values are 
given in Table 7 and are analogous to those given in Table 1. 





TABLE 7 
| 2 See ae ee | | | 

jet Bs ee ee WE | U/Xx | Te | 1-8 | logr 
0.0 0.50 | | | 5*10°| 0.000 | 0.55 
O.1 0.53 | | 5 000 | 52 
0.2 0.57 | 0.0001] 0.20] 0.80 | 2200 | ° cool] 5 | .000 | 16 
0.3 0.62 | 0003| 30 70 | goo | 0.0005} 0 | 000 | +3 
0.4 0.07 | 0005) 40 | 60 | 450 | 0.0014; 9 | OO! | 30 
0.5 0.73 002 | 50 | fo | 22960 0.004 7 | .oor8 | 36 
0.6 0.80 | 005 59 | 40 | 110 0.013 7 | oo! | 32 
0.7 0.89} .o14] .68] 30] 49 | 0.05 | 8 | .002] 30 
o.8 | 1.00 | 04 | 75 | 21 19 0.19 9 | 003 | 22 
0.9 | a 14 | 74 | 13 | 5 5| 1.1 11 | 004 | 30 
I.0 iol “ea | oe 0.10 | 0.8] 4.9 iw | 0.38 

| | | 


For the first two values of Y* no solution exists. This corresponds 
to the fact, previously® noted for the subgiant type of star, that the 
almost pure hydrogen solution may not exist. A change of about 
half a magnitude in the luminosity, however, would suffice to make 
the solution again possible. Comparing Table 7 with the correspond- 
ing tables for the sun, Sirius A, and Capella A, a rather striking dif- 
ference is noted. For the same value of Y*, or uw, the values of Y/U 
are much higher for ¢ Herculis A. In fact, it is only for w = 1.1 that 
the ratio reaches the value 6. The chemical composition derived 
from an assumed value of Y/U will differ appreciably from that 
found for the other stars mentioned. This corresponds to the marked 
difference in the hydrogen contents found on the assumption of 
negligible helium content. Table 8, analogous to Table 2, shows the 
transition to the solution of vanishing helium content. 

With Y/U = to, the following chemical composition is obtained: 


19 per cent hydrogen, 74 per cent helium, and 7 per cent heavy ele- 
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ments. The relatively low hydrogen content and the high helium 
content are remarkable. 

U Ophiuchi br.—This star was chosen as representative of the B 
stars of relatively low mass. The values of the mass, the radius, 


TABLE 8 
bu l | } X Y /l l \ 7 1 3 | log r 
| | 
1.0 } 0,04 | 0.75 | 0.21 19 0.19 | 910 0.003 | 0.32 
er | 0.09 | 797 | 14 9 0.60 | 10 004 | 34 
E32 | 0.18 | 72 10 { 1.8 11 006 | 36 
1.3 | 0.34 | 58 09 1.4 { 008 38 
I.4 | 0.66 | 4 og .4 13 OI | 41 
L.5 T.15 | fe) 0.07 13 0.013 | 0.42 


and the luminosity used in a previous investigation® were adopted: 
log M/Mo = 0.73, log R/Ro = 0.51, log L/Lo = 2.70. They lead 
to the following values of the mean molecular weight and the hydro- 
gen content on the assumption of negligible helium content: uw = 0.79, 
X = 0.49. The values given in Table 9 were obtained, and are anal- 
ogous to those in Table 1. Again, no solution exists for the Y*-value 


TABLE 9 
| | 

} r l } X U U/X 7 B log r 
0.0 0.50 10*10°| 0.005 | 0.55 
I 53 | 0.003 | 0.10 0.90 32 0.003 | 17 007 54 
57 o16 | 18 So 11 0.02 | 18 009 53 

3 62 039 25 71 6 0.06 | 20 O12 51 

| 07 10 7 62 6. | O.17 2 O17 49 

< 72 3 5 1.0 | 0.4 3 023 $5 
0.6 0.80 | 0.54 0.0 KSI O.1 we 5 0.032 0.47 


of the first line. Table 9 already shows the transition to the solution 
with vanishing helium content. 

With Y/U = to, the following chemical composition is obtained: 
79 per cent hydrogen, 19 per cent helium, and 2 per cent heavy ele- 
ments. The hydrogen content is somewhat higher than that found 
for the sun, just as is the case with the solutions obtained on the as- 
sumption of negligible helium content. 

u Herculis br.—This star represents the B stars of rather high 
mass and relatively high density. The values of the mass, the radius, 
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and the luminosity used in a previous investigation® were adopted: 
log M/Mo = 1.00, log R/Ro = 0.67, log L/Le = 3.34. The de- 
termination of the mean molecular weight and the hydrogen con- 
tent on the assumption of negligible helium content is rather inde- 
terminate for this star. It can only be said that the mean molecular 
weight is not much larger than 0.5 (0.6, say) and that the hydrogen 
content is rather high (0.7, say). The values given in Table 10 
are analogous to those given in Table 1. 


TABLE 10 








| | 
y+ | a | } . 1FA | U/X T | 1—B | logr 
0.0 | 0.50 | 0.015 |—0.02 1.00 | —1.2 | 0.015 | 20 sf] 0.018 0.48 
I | 53 | -04 | 05] O.gr | 1.2] .05 22 023 | 17 
2 7 fore) | 09 | 0.82 | r;0 | 11 3 020 | 10 
3 62 | .22 | 04 | 0.74 ee) 25 038 | AS 
0.4 wiciidl Guile Vince’ Usa’ ‘Mblcan taaac 26 eal ice 





Table to also covers the range up to the solution of vanishing 
helium content. It differs from all the cases considered up to this 
point, in that the maximum value of the ratio is less than 1.2, or con- 
siderably less than the limiting value 6. However, an analysis of the 
solution in the first two or three lines shows that an increase of the 
assumed luminosity by, say, 1 mag. suffices to increase Y/U over 
the limiting value 6. The smaller the helium content of the solution, 
the smaller is the required increase of the luminosity, the reason for 
this being the increased importance of electron scattering for these 
solutions (cf. p. 524). Asolution with X = 0.80, Y = 0.18,and U = 
0.02 would give a residual less than a magnitude. 

A comparison of the conclusions concerning this star with the re- 
sult obtained previously on the assumption of negligible helium con- 
tent clearly shows the similarity of the cases. In both cases all that 
can safely be said about the chemical constitution is that the hydro- 
gen content is high. 

We shall now briefly summarize the results that have been ob- 
tained. The first principal result is that the hypothesis of a high 
helium content is compatible with the mass-luminosity relation and 
the observational data on masses, radii, and luminosities of the stars. 
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We have seen, further, that if the minimum value of the ratio of 
helium to heavy elements following from the von Weizsicker theory 
and the Aufbau hypothesis is accepted, this, together with the at- 
mospheric values of the ratio of heavy elements to hydrogen, limits 
the possible chemical compositions to a rather narrow range. This 
can also be expressed in the form that it is possible to derive an upper 
limit for the ratio of helium to heavy elements from the atmospheric 
ratio of heavy elements to hydrogen, this upper limit being relatively 
close to the lower limit following from the von Weizsicker theory 





TABLE 11 
en a a ——— ee ] — —a — ———— —_ —— 
| : Heavy 
Hydrogen | Hydrogen Helium | é : 
d | . | : | Element 
St Content Content } Content Content 2 
ar saat Bae a ae onten 
| Yo Computed | X Computed | Y Computed |, ; 
: rene | Computed with 
| with } >» | with Y/L 10 | with Y /l 10 | i fio 
| Y /U=10 
U Ophiuchi br. | 0.49 0.79 0.19 0.02 
The sun 37 60 36 04 
Sirius A | 36 | 60 36 4 
Capella A | 20 57 20 | 4 
¢ Herculis A | O.1I | 0.19 0.74 0.07 
| | 





and the Aufbau hypothesis. Finally, assuming a plausible value of 
the helium to heavy elements ratio, chemical compositions are ob- 
tained which are very closely correlated with the chemical composi- 
tions previously found on the assumption of negligible helium con- 
tent. This is shown by Table 11. 

The closeness of the correlation is not very surprising when it is 
recalled that essentially the same quantities that determine U from 
u, according to (16), also determine YX in the case of vanishing helium 
content, with the aid of (16), the solution being determined in the 
latter case by the additional condition U = 1 — X. 

We conclude from the values given in Table 11 that the lines of 
constant hydrogen content calculated on the assumption of some 
plausible constant value of the ratio Y/U are of a nature very similar 
to those previously found on the assumption of negligible helium 
content. It must be remembered, however, in this connection, that 
if relatively large variations of the ratio Y/U from star to star and 
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a high helium content are admitted, then the conclusions concerning 
chemical composition must remain of a vaguer nature. 

In conclusion, it should be emphasized that the mass-luminosity 
discussion alone cannot decide for or against the hypothesis of high 


helium content. It is compatible with this hypothesis, but further 


investigations, such as determinations of atmospheric compositions 
and theoretical discussions of energy generation and transmutation, 
are necessary in order to make a decision possible. 
YERKES OBSERVATORY 
March 1935 








AN INTEGRAL THEOREM ON THE 
KQUILIBRIUM OF A STAR 


S. CHANDRASEKHAR 


ABSTRACT 


In this paper an integral theorem on the equilibrium of a star is proved which gives 
the lower limit to the value of P../p‘"+!)/" assuming that both p and P /p‘"+")/” do not 
increase outward. Asa special case of the theorem (7 3) itis shown that for a gaseous 
star of a given mass in radiative equilibrium, in which p and [xn], do not increase 
outward, the minimum value of 1 B- is the constant value of (1 8) ascribed to a 
standard model configuration of the same mass. For 2 the theorem gives the 
minimum central temperature for a gaseous star with negligible radiation pressure. 


In some recent papers’ the author has proved a number of integral 
theorems on the equilibrium of a star. In particular it was shown 
that for any equilibrium configuration (of prescribed mass and 


radius) in which the mean density p(7) inside r decreases outward 


it is possible to set an upper limit to the value of P./p"*? for 
1 <n < 3. The inequality in question is (II, Eqs. [14] and [15]) 
r — 
—— = & Sale ee ; r<a< 3), (2) 
Poe 
where 
: i 
s to (2) 
3( 71 I 
Furthermore, (1) is a strict inequality for n < 3, and for n = 3 is 
equivalent to setting an upper limit to (1 — 8.) for gaseous stars 


(cf. Theorem 2, IT). 

The problem of finding a lower limit to the ratio P./p\"*"" has 
proved to be rather an elaborate one. In this paper we prove the 
orems in this direction. 

The numbering of the theorems is continued from II and III. 


I 


THEOREM 10.—/n any equilibrium configuration of prescribed mass 
and radius in which both pand K = P/p™*?’™ (n > 1) do not increase 

tM.N., 96, 644, 1936; Ap. J., 85, 372, 1937, and 86, 78, 1937. These papers will be 
referred to as “I,” “II,”’ and “‘III,” respectively 
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outward, the minimum value of K. ts attained in the sequence of equi- 
librium configurations which consist of polytropic cores of index n 
and homogeneous envelopes. 

More explicitly, we consider a composite configuration in which 
the polytropic core extends to a fraction A of the radius RX of the 
star. Inside the polytropic core, K is constant and equal to K,. 
For such composite configurations, K, will be a function K,(A) 
of A only. The theorem states that the minimum value of the func- 
tion K,(A) is the absolute minimum of K, for any equilibrium con- 
figuration in which p and K are restricted not to increase outward. 

Proof: We shall first prove the following lemma: 

Lemma: The configuration in which K, attains the minimum, either 
dp/dr = oor dK/dr = o forallogr<R. 

For, if not, in the configuration in which K attains its minimum 


there must exist a finite interval 


Ot Sek ee ER, (2) 
in which 
dp “ dK i (4) 
O; O°. ) 
dr dr 4 


Let P and p refer to the configuration we are considering, namely, 
the one in which K, attains its minimum. 
By means of the following transformation we construct the pres- 


sure and density distributions defined by 


ee gee oe P* = (1 — ¢)*P: p* = (1 — e)p, (5) 
fe ee P*=P+eéP,; p* = p+ ep:, (6) 
irs BR: p* =p; p*=p, (7) 


where P* and p* refer to the new distributions of pressure and den- 
sity, € is a sufficiently small positive constant, and P, and p,; (which 
are functions of ry in the interval 7, < r < r,) are, for the present, 


unspecified. 
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sh 
os) 
I 


If P* and p* should refer to an equilibrium configuration of the 
same mass M as the original configuration, then the following condi- 
tions would be fulfilled. 

i) Continuity of P* and p*.—From (5), (6), and (7) we see that to 
insure continuity at r = 7, and r = r, we should have 


Pi. = —32P, (ry =7,); P,=0, (y = 7). (g) 


ii) Constancy of mass.—This requires 


'R “R 
47 ( p*r-dr = ar ( pr'dr . (10) 


By (5), (6), and (7) we find that (10) reduces to 


M(r,) = sr pdr . (11) 


« 


The left-hand side of (11) is a known quantity. We can clearly 
choose a function p, in the interval 7, < r < r, such that the equa- 
tion (11) and the boundary conditions at 7, and r, (Eq. [8]) are all 
satisfied. We assume that p, has been chosen to satisfy these condi- 
tions. 

iii) The distributions P* and p* satisfy the equation of hydrostatic 
equilibrium.—The pressure-density distributions in any configura- 
tion of equilibrium must satisfy the equation 


1d [= dP 


os = —4nGp. (12) 


p dr 


Given that P and p satisfy (12), we have to show that P* and p* 
distributions (with a suitable choice of P,) satisfy (12). 
It is immediately obvious that in the interval o < r < r, and 
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r, <r < R, equation (12) is satisfied. For r, < r < r, we have, ac- 


cording to (5), (6), and (7) 


r ad /r dP, y2 dP ; 
| ae = 3 Px s = —47QUp,. (13) 
i if 


* dr 


From (12) we derive 


J »2 dP 
1 d (r*¢ ‘) 
= Fir), (14) 
7 dr| p dr 4 
where 
. « ae aF 
F(r) = —4nGp; + — ( - Ox ). (15) 
r?>dr\p? dr : 


Since P and p are assumed to be known functions of 7, and p, has 
been chosen according to (ii) above, we can regard F(r) as a known 


function of r. From (14) we easily derive 


r ’ 
p a : 
P,= ( ( &2Sk(Ed—E + c.)dr+ea, (10) 
y? 
rn Jr 


. 


where c, and c, are two integration constants. We now choose c, 
and c, such that P, defined by (16) satisfies the boundary conditions 


iy. 

We thus see that with P, and p, chosen as specified in (ii) and (iii) 
above, P* and p* refer to an equilibrium configuration of the same 
mass and radius as the original configuration. 

Finally, since in the interval 7, < r < r., p and K are strictly de- 
creasing (Iq. [4]), it is clear that we can choose a positive (nonzero) 
e sufficiently small that p* and A* (defined with respect to P* and 
p*) are decreasing functions of r. 

We have thus shown that from the given equilibrium configura- 
tion we can construct another satisfying the restrictions on p and K. 


But the configuration specified by the functions P* and p* defines 


Ke = (1 — 6) K,. (17) 
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Since we have assumed u > 1, we see that (17) implies 


a << &,, (18) 
which contradicts our hypothesis that in the configuration in which 
K. attains its minimum there exists an interval (3) in which (4) 
holds. This proves the lemma. 

The theorem now follows almost immediately. It is only necessary 
to exclude the types of density distributions shown by the full-line 
curves in Figures 1 and 2. In Figure i, the regions 7 and 3 are regions 
of constant K, while 2 is a region of constant p; in Figure 2, 7 and 3 
are regions of constant K, while 2 and 4 are regions of constant p. 


77 

















But it is clear that by the constructions indicated by the dotted 
curves (in both cases r’ corresponds to the analytic continuation of 
the density distribution specified by 7) we are led to configurations 
with a smaller P., and hence a smaller A,.. This proves the theorem. 

It has to be noticed that we have only proved that the minimum 
of K. along the sequence of composite configurations (consisting of 
polytropic cores and homogeneous envelopes) is the absolute mini- 
mum of K, under the restrictions dp/dr < o, dK/dr < o. But we 
have not yet specified the particular composite configuration in which 
the minimum of K, is attained; to be able to do so, we shall have to 
study the function K,(A) where A is the fraction of the radius oc- 
cupied by the polytropic core. We now proceed to study this func- 
tion. 

I] 

The composite configurations.—We consider a composite configura- 
tion in which the polytropic core extends to a fraction A of the radius 
R. Hence, ifr = 7, defines the place at which we have the in- 
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terface between the polytropic and the homogeneous regions, we 
have 
r,= AR. (19 














Let p, be the mean density of the polytropic core and p, the constant 
density in the homogeneous part. Let B denote the ratio 


B —_ pr cas Pr 
Pr 


Finally, let P, be the pressure at the interface. 
Consider first the equilibrium of the homogeneous envelope: We 
have . 


M(r) = 42rr3p, + {r(r? — r3)p,, (21) 
or, by (19) and (20), 


M(r) = 47R3p,A3B + 42r3p,. 


> 
°o 


No 


The mass M of the configuration is therefore given by 
M = 4rR3p,(1 + A3B). (23) 
The equation of hydrostatic equilibrium is 


dP GM(r) 


’ (2 ) 
dr yr? ms 4 
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or, by (22), 





dP _ car a( RAB ) : 
= = wis 7 ° (25 
dr ns pi ¢ ? 
or, integrating, 
; , | R8A3B ’ 
P = Giro? — tr]. (26) 
r R 
The pressure at the interface is obtained by putting r = AR in (26). 
After some reductions we find that 
P, = 2nGp?R’[1 — A? + 2A?B(1 — A)]. (27) 


Consider, now, the equilibrium of the polytropic core: in the core 


we can write 
P= Kp**/* | (28) 


where A is a constant. The reduction to Emden’s equation of index 


n is made by the substitutions 


p = NO" ;sx P =: K \iett/* get (29) 
(7+ 1)A ]! r 
r= | — ; Dien! “ee (30) 
47G 





Let 6 and refer to the interface. Then P,, p;, and 7, are given by the 


foregoing formulae. By (27), (29), and (30) we have 
k ] 


KX) /ngnt 


— ( \A 
= 3G) 273s 


alltel lad in . Gre 
47G ” 





After some reductions the foregoing equation reduces to 


n+ Song A? + 2A?7B(1t — A) 
6 A? : 


r= £9". 


Now introduce the homology invariant functions uw and v defined 


by 
ggn £6’ 
“=—", 3; V=— ( 
G g . 


4 
| 
| 
7 
ad 
Ww 
— 
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where 6’ refers to the derivative of 6 with respect to &. In the terms 


of uw and v (32) can be re-written as 


n+1 A? oe, 
uv = - : : ° 34) 
6 1 — A?+ 24?B(1 — A) 34, 
Furthermore, 
Pr— pr _ 
ia ™ a (35) 


Px Pr 


or, using the well-known relation between the mean and the central 


densities for polytropic configurations, we have 


’ 3 dé 
B E dé 6’ (26) 
= I= —3 —1I, 26 
Oo” > ¢@" . 
or, by (33), 
B=°-—y1 (37) 


Equations (34) and (37) are our equations of fit. If the Emden func- 
tion 6,(&) is known, then for a given £, w and v are known and (34) 
and (37) determine A as the solution of a cubic equation. The con 
figuration thus becomes determinate. 

We have next to determine K in terms of A, R, and M. Using 


34), we can re-write (27) as 


‘ 6 
P, = 32Gp? R’?A? — g (38) 
ene (n + 1)uv - 
By (28) and (38) we now have 
: oeeat : srt 6 
K = 31Gp;""?/" R?A? , (39) 


(n+ 1) uv 


We now eliminate p, between (39) and the mass relation (23). We 
thus have 


6 3 M (n—1)/n 


" , (40) 
~ (n+ 1)uo é7R3(1 + A3B) 4 
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which, after some reductions, can be expressed as 


K = 3(42)¥"GM-)/* RG-)/" . Q, , (41) 


where 
0 6 A? 
"(n+ r)uv (1 + A3B)—-v/n* 


We verify the following: Q, measures K in units of the value of K, 
for the configuration of uniform density of mass M and radius R. The 
minimum of Q,(A) defines, according to our theorem, the minimum 
value of K, in the specified units. 

Equation (34) is a cubic equation for A. Eliminating B between 
(34) and (37), we find that the equation for A can be written more 


conveniently as 
2(n + 1)0(3 — u)A3 + 3A42[(m + 1)v(u — 2) + 2] — (n+ 1)uv=0. (43) 


Furthermore, 


B=°-—r1. (44) 


Equations (42), (43), and (44) define, then, the function Q,(A). 
We notice that, as u — 0, 


{1 Re .. (4s) 
‘ 45 
6 I n I n 
On (—}) ; (46) 
: Mr I \3Wn 4 
where 
eal dé, 
Gn = — & (ia (nm-—I i v (47) 
Ug /t=h 


Inserting (46) in (41), we obtain equation (17), II. 


IT] 
The case n = 5.—The case n = 5 presents some interesting fea- 
tures. It is found that the Schuster-Emden integral for the case 
n = 5 reduces to 


30 + u = 3 (48) 
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in the (w, v)-plane. The cubic equation for A (Eq. [43]) now becomes 
3(1 + 2A)(1 — A)?v? — 3(1 A?)y + A? =0, (49) 

or, solving for 2, 


31 +- a} = V3(1 — A)(3 + 9A + 8A?) 


,= SY ; (<0)? 
6(1 + 2A)(1 — A) - 
Also, 
v I A? 
Se 3 QO, = a, (cr) 
I-—v 30(1 — v) (1 + ASBB)4S : 


Equations (50) and (51) present the explicit solution for the problem. 


Furthermore, we notice that if v = 1, (49) reduces to 


6 A3 — 5A? =0, or A=. ( 


wn 


Hence, for A = 3,v = 1, B 0, O, = o. Hence, 


The details of the solution are given in Table r. 


IV 
The case 1 <n < 5.—The solutions of the equations of fit have 
been effected for m = 4.5, 4, 3, and 2. The details of the solution are 
given in Table 1. The respective Q,(A) curves are shown in Figure 4. 
From the figure we infer the following theorems. 





THEOREM 11.—Jn any equilibrium configuration of prescribed mass 
and radius in which both p and K = P/p™t?’", (1 <n < 2) do not 
increase outward, the minimum value of K. is the constant value of K 
which must be ascribed to a complete polytrope of index n having the given 
mass and radius. 

For the case n = 3 the foregoing theorem can be stated in the fol- 
lowing alternative form: 

THEOREM 12.—IJ/n a gaseous stellar configuration in which both 
pand (1 — B) do not *ncrease outward, (1 — B.) must be greater than the 


2’ The positive sign before the square root in (so) is easily seen to correspond to a 
| A 





physically impossible solution 
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constant value of (1 — B) ascribed to a standard model configuration of 


the same mass. 
We shall comment on the implications of Theorem 12 in the 
studies of stellar structure in Section VIII. 


yn=45 
, 
4 
3 
, n=l 
2 3 : 7 6 9 10 
FIG. 4 
y 
The case n = 1.—-The theorem has been proved only for the case 


n > 1. The arguments of Section I fail for this case (cf. Eqs. [17] 
and [18]). However, it seems likely that the theorem is also true for 
nm = 1. If it is true, Theorem 11 is also valid for this case. 
For the case nm = 1 the Emden function is known: 
sin & 


0, = ; (54) 


t 
¢ 
Ss 
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The appropriate equations are 








A? 
3? = . (55) 
1— A?+ 24?B(1t — A) 
I cot € 
B= 2 — ss —t1f, (50) 
§.¢ (= 
. S 
> {2 
)¢ ore 
QV, = ¢2 és (57) 
Ss 


— 
a“ 
‘ 

1 


As &— 2, A — 1andQ, = 3/7’. The details of the solution are gi 
en in Table 1. 
VI 

The case n = o.—For this case the conditions of the theorem are 
that both p and P/p do not increase outward. For gaseous stars 
with negligible radiation pressure P/p = (k/wH) T, and the theorem 
therefore sets a lower limit to the central temperature of such con- 
figurations. 

To determine the minimum value of Q,,, we have to consider com- 
posite configurations consisting of 7sothermal cores and homogeneous 
envelopes. The analysis of these configurations is quite similar to 
that given in Section II. 

If w is the Emden isothermal function, we define the functions 


u and v by 


ge-¥ _ dy rd 
= . y=¢ <8) 
u y’ Ps rd é dé . (53 

The equations of fit are 

, A? (eq) 
uy = 59 

1 — A? + 2A?B(1 — A) P 
B=°%—1, (60) 


} The problem of determining the minimum central temperature of a gaseous star 
with negligible radiation pressure has been considered earlier by Eddington (/nternal 
Constitution of the Stars [Cambridge, 1924], pp. 91-93). However, his treatment of the 
problem is different from our approach to it, as it is a special case of a more general 


problem. 
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and 
| ey 1GM 
) — O. (61) 
Pc / min 2 \ 
where 
8) | 
O_.= (02) 


Equation (59) can be written alternatively as 
20(3 — u)A3 + 3A?[v(u — 2) + 2] —-uwv=0. (63) 


Now, it is well known that the isothermal function oscillates about 


the singular solution 


ev = — (64) 


Sty 


, 
as E> o=. 


curve spiraling around 


In the (uw, v)-plane this corresponds to the appropriate 


u=I1, v= 2. (65) 
Introducing (65) into (60) and (64) we find that 
) A 3/ \ 
B= 2; 4A3 = 1 or A = Vo.25. (66) 
With these values of A and B, (62) gives 
0. = Vo.5s. (67) 
Hence, the Qo(A) curve spirals around the point 


O%) = Vo.5 = 0.7937 ; A‘*? = 0.62906. (68) 


The details of the solution are given in Table 1a. See also Fig- 


ure 4. 
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VII 
Numerical results.—In Tables 1 and 1a we give the details of the 


solution for the cases 
CO 29, 4.08 5S, and CO , (09) 


TABLE 1 


VALUES OF Qn 


58 |0.986)0.4515 
504|1 .000/0.45154/1 .000/0 .0071|1 .000/0.9572 8 
| 


n=I n=2 n 4 n { n 1.5 n 5 
{ QO; { 0 ’ 4 Q, { QO; .. ft @ { O 

° I Oo I Oo 1.0 ° 1 ° 11.0 |o I 
0.366}0.8710 | 0.15 0.9768 
0.423/0.8339 | O.410/0.541 |0.30 |0.914 
©.0355'0.592 |0.557/0.722 |0.590|/0.0940 0.40 |0.55C5 
0.737)\0. 537 0.708/0.5787 |0.662/0.626 |0.716/0.570 |j0.50 0.7735 
0.784/0.489 |0.785/0.499 |O.515/0.4533 |0.775}0.520 |0.704/0.535 |0.00 [0.0559 
0.866\0.410 0.87210.4578 |o.819|0.508 |o.80710.524 0.70 |o.5931 
0.919/0.363 |0.893/0.408 |0.912/0.4523 |0.845/0.510 |0.540/0.5604 [0.75 0.552 
0.949|0.4519 |0.879]/0.551 |0.575/0.081 |0.75 |0.5372 
0.964]0.4517 |0.907|0.585 |0.933/0.837 |o.80 0.5410 
0.908/0.4516 |0.931]0.013 |O.QOT/0.593 |0.532 |1.0301 
0.968'0.325 |0.934/0.384 |0.971/0.4510 'o 974/0 648 aH 0.833 {1.1500 
0.984/0.314 |0.9gQ0/0.3 | 0.QQO0/O.940 |0.5333}2.2054 

5 


I .000/0. 30390/1 .0O00/O 


° 
TABLE 1a 
VALUES OF QO. 
t { | On t { O 
° (e) I 70 0.005 0.549 
° 542 0.743 100 5904 833 
4.0 003 | 0.6046 1590 O10 sod 
ee) 6380 0.640 200 O15 780 
+O 6080 0.655 300 6290 733 
10.0 683 0.695 400 633 778 
12 675 | 0.721 | 500 635 776 
16 601 o. 760 700 630 77 
25 630 | 0.820 L000 636 754 
30 626 0.540 1500 627 821" 
35. 620 0.850 2000 632 790 
50 0.609 | 0.559 x 0.62990 0.7937 


* There seems to be an error in Emden’s table of the isothermal function at this point 
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In Table 2 the minimum values of P../p\"*”?/" under the condi- 
tions of Theorem to are given. From (41) and (42) it is clear that 


we can express the theorem as 


| oe 
ro eh I ae (70) 
p, n I ‘ 
where 
Yn = 3(4r)'/" Minimum Q,(A). (71) 


The values of ¥, are also given in Table 2. 


TABLE 2 

n 1 Min Oy =n 
ro 1.0 0.30390 | 0.03002 
1.5 ‘6 3205 42422 
2.0 1.0 3504 30475 
2:5 1.0 3904 35150 
3.0 1.0 $5154 39394 
4.0 0.521 505 303 
4.5 0O.dS0!1 5 24 300 
5.0 0.788 535 | 356 
x 0.075 0.040 0.320 


Vill 
Some remarks on Theorem 12..-We have shown that if p and 
(1 — B) decrease outward, then it is possible to set a lower limit to 
(1 — 8.) which depends on the mass only. We now examine the 
physical meaning of the assumption that “(1 — 8) does not increase 
outward” for the case of radiative equilibrium. 


We then have Strémgren’s relation (cf. IIT, Eq. [o]) 


~ 
tN 


I —p= - Kn(r) , ( 


47 GM 


where 


Kn(r) = = ( kndP , (73) 
I R 


. 
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Hence, (1 — B) will decrease outward if kn(r) decreases outward. 


Analytically, the condition is 


d _ : 
dp *OW? S10:, (74) 
or, since dP /dr is negative, 
fo) 
d _ ‘ 
jp) ae. (75) 


From (73) and (75) we derive that (74) is equivalent to 


cn(r) > (male - (76) 
In words: The necessary and sufficient condition for (1 — B) decreas- 
ing oulward is that xn at any point inside the star must be greater than 
the average value of xn for material exterior to r. It should be noticed 
that the condition stated is less restrictive than the requirement that 
xn decreases outward. It is clear from (76) that we can actually 
allow a decrease of xn (within limits) as we approach the center. 
In actual stellar configurations » might be expected to decrease out- 
ward, but this will not generally be true of x. For this reason it is 
important to realize that (76) does not require xy to decrease out- 
ward. We can now express Theorem 12 in the following alternative 
way. In a wholly gaseous *configuration in radiative equilibrium in 
which the density and kn(r) as defined by (73) both decrease outward, 
the central value (1 — 8.) of the ratio of the radiation pressure to the 


total pressure must satisfy the inequality. 


“I 


I-p—. 21-86, (7 
where (1 — B,) satisfies the quartic equation 


I 


M = -—4r me ( k \*3 - al ‘(e =) . (78) 


pH a B3 





It might be recalled that under very much less restrictive circum- 


stances than in the foregoing theorem we have shown that 


I— Be < 1— p*, (79) 
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Ji 
wi 


where (1 — £*) satisfies a similar quartic equation (cf. II, Theorem 


upper and the lower limits of 1 — 8... We have (cf. III, Eq. [11]) 


2). It is thus seen that we can solve the problem of finding both the 


AT GM A } 
i— SS, (80) 


KN 


where xy refers now to the average over the whole star. Hence, un- 


der the conditions of Theorem 12 by (77), 


1 GM | — £2.) 
EA ya ihe : (81) 
Let 


where 


If, further, we assume a law of opacity of the form 


K = xpI-3-” , (84) 
then 
la 8B ae 
Ke = ky B 1 _ ‘ (35) 
Rk 31 B . 
or, again by (77), 
tH a B mr ’ ) 
Ke Se a ( ee (86) 
k 31-8, 


Combining (81), (82), and (86), we have 


mcCGM k 3 (1 — B,)?,, 
co 2 i; (87) 
Kin. pila B, 


Comparing (77), (81), and (87) with the standard formulae in Ed- 


dington’s theory, we see that the equations in that theory now be- 
come inequalities. This makes the conclusions drawn on the basis 


of the standard model have a ‘“‘minimal”’ character which is of con- 


siderable physical importance. 
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If in addition to the conditions of Theorem 12 we assume that T 
decreases outward, then, according to Theorem 7 (II), 


1 wH GM 
5 k R 


(88) 


For the case of vanishing radiation pressure we can improve (88). 
For then (cf. the last row of Table 2) 


_ KH GM 


Ly 26.42 (89) 


YA 


We can now eliminate 7. between (87) and (88) or (89) and obtain 
an inequality of the same form as the luminosity formula used in 


current studies on gaseous stars. 


The main Theorem to was conjectured by the writer over a year 
ago, but the fundamental idea in the proof as given in the text sug- 
gested itself only during a discussion with Professor J. von Neu- 
mann. It is a pleasure to record here my appreciation of the kind 
interest which Professor J. von Neumann has shown in this and 
other problems of the stellar interior. I am also indebted to Mr. E. 
Ebbighausen for his assistance in the numerical work connected 
with Tables 1 and ra. 
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THE ECLIPSING VARIABLE STAR u' SCORPII* 
PAUL RUDNICK AND C. T. ELVEY 


ABSTRACT 

The eclipsing variable u* Scorpii has been observed with a photoelectric photometer 
equipped with a potassium cell. With the spectrographic period of 1.44627 days, a 
light-curve is obtained, showing two unequal minima (0.29 and 0.18 mag.) and equal, 
rounded maxima. Orbital elements are deduced, giving partial eclipses of ellipsoidal 
stars with nearly equal radii. The inclination of the orbit is 62°. Combining this with 
the spectrographic data, the mass of the system is found to be 24.0 times that of the 
sun, and the mean density 0.074 times that of the sun; the effective temperatures of the 
two stars are found to be 13,000° and 17,000°, and the surface brightnesses 11.6 and 
18.8 times that of the sun. 

The star w' Scorpii (a = 1645", 6 = —37°9, 3.1 mag., B3p) has 
long been known to be a spectroscopic binary, and in 1920 Miss 
Maury' announced that it is an eclipsing variable star as well. She 
published a rough light-curve, based on visual estimates made on 
the objective-prism plates; since that time, the position of the star 
has discouraged further and more accurate photometric observa- 
tions. 

At the McDonald Observatory yu’ Scorpii has a meridian altitude 
of 21, and is therefore observable, especially in view of the excellent 
comparison star available, uw? Scorpii, which is but one-tenth of a 
degree away from the variable and which differs from it by only half 
a magnitude in brightness and one subtype in spectral class. Obser- 
vations have been made, therefore, during the past two seasons, with 
the object of obtaining an accurate light-curve for this star. The 
instrument used was the photoelectric photometer of the Yerkes 
Observatory,’ attached to the 12-inch refractor. A sensitized potas- 
sium cell by Kunz was used. A total of 128 observations were made, 
each consisting of 8 readings on the variable and 8 readings on the 
comparison star, together with the necessary readings to correct for 
sky background. 

In our reductions we have used the spectrographic period, 1.44627 
days, which was derived from the Harvard objective-prism spectro- 

* Contributions from the McDonald Observatory, University of Texas, No. 6. 


! Harvard Ann., 84, 157, 1920. 2 Ap. J., 74, 289, 1931. 
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grams, extending over twenty-six years. We find a correction to 
the Harvard ¢, of only —o.006 day, to cover the eighteen-year in- 
terval between those observations and ours, assuming that the more 
luminous star is eclipsed at primary minimum. Our observations 
extend over three hundred and twenty-five periods. We combined 


them into forty normal places, given in Table 1, and drew a mean 


TABLE 1 


NORMAL PLACES 


No igs (nee ee No. te bool oe en 
Days Obs Days Obs 

I 0.31 0.018 0.00 0.431 | 0.732 | 8 |—0.013 

34 O41 3 + .002 ? (2a | Oo 75% | { + .006 
3 ) 066 3 O14 3 455 | 0.784 | ; + .oo1 
} 421 Ogo 3 T .O0O05 } 450 | 0.503 | 7 020 
5 407 107 3 ‘o.@) 25 523 0.537 | 2 000 
0) 530 131 O31|| 26 550 | 0.873 | F 002 
’ 37 174 (ole) 7 509 | 0.909 | 4 004 
8 566 241 I 002}| 28 596 | 0.984 | 3 fore) 
9 572 269 I + .003]| 29 591 1.017 2 + .004 
10 | .504 | .320 5 003}] 30 Yeas E608) | 000 
11 611 377 I O1s|| 31 | .587 | 1.123 | 3 £|+ .oos 
I 506 427 { oo1|| 3 B97S | u.567 | 2 tf .003 
13 586 471 5 I+ .oo1]| 33 550 | 1.216] 6 |+ .004 
14 566 516 3 [+ .007]/ 34 529 | 1.275] 5 |+ .004 
15 544 | 570 4 + .006]] 35 | .509 | 1.320 | a O17 
16 sar | .605 3 000]| 36 468 | 1.333 | 4 I+ .003 
17 484 630 2 I+ .008]) 37 417 | 1.365] 3 005 
18 139 604 I + .o15|| 38 380 | 1.384 4 + .006 
19 429 684 4-e i? .©05|| 39 347 | 1.405 | 3 003 
Oo 0.426 | 0.706 { 9.006}! 40 0.306 | 1.442 | I +0.001 


light-curve through these. The observations, shown in Figure 1, 
showed no asymmetry in either primary or secondary minimum; 
therefore, the two halves of the curve were combined, giving twenty 
supernormals covering half a period. The scatter of the individual 
observations, in the maxima and especially in the secondary mini- 
mum, was found to be distinctly larger than our observations of 
other stars with the same equipment would lead us to expect, sug- 
gesting that there are small random variations in the brightness of 
this system besides the main periodic one. 

It will be noted that the two minima are evenly spaced, indicating 
that within the precision of the observations the orbit is circular or 
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has its major axis in the line of sight. Miss Maury found an ec- 
centricity of 0.05 with w = 190°, from the spectrographic data. 
The photometric elements are given in Table 2, together with 
Miss Maury’s spectrographic elements. 
The light-curve was rectified for ellipticity of the components and 
for reflection effect, following Russell. The rectified curve was then 





A mag. l | 











0.3 | | | | | 


1.00 ro Ti 0.0 0.25 0.00 0.25 Days 





Fic. 1.—Light-curve of u' Scorpii. Encircled points are normals 


treated by the graphical method of Sitterly,* to deduce the orbital 
elements, assuming the components to have uniform disks. As was 
to be expected with such comparatively shallow minima, there was 
found to be a considerable range of solutions possible when the light- 
curve alone was considered. The value of &, the ratio of the radii, 
could be taken anywhere from o.6 to 1, with the larger values giving 
only a slightly better fit than the smaller ones. However, the ratio 
of intensities of the two stars was given by Miss Maury as more than 
0.6 or 0.7; accordingly, that solution was chosen for which k = 0.9, 
in which case L,/L, = 0.76, and the smaller, more luminous star was 
eclipsed at primary minimum. This led to the orbital elements shown 


3 [bid., 36, 60 and 397, 1912. 4 Princeton Contr., No. 11, 1930. 
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TABLE 2 
ELEMENTS OF uw! SCORPII 
Primary minimum JD 242... . tk 8281.250 
Phase of secondary minimum t,—t, 0772314 
Amount of eclipse....... _ 0.237 
Ratio of radii a k °.90 
Loss of light at ¢,.. I—A, 0.135 
Loss of light at ¢,... 1—A, 0.083 
Light of first a : be ©.432 
Light of second aly Es 0.568 
Ratio of surface brightness GSS = 0.61 
Inclination of orbit . ore 1 62°20 
Semimajor axis of first body....... 7; 0.400 
Semimajor axis of second body..... r, 0.360 
Semiminor axis of first body b, 0.354 
Semiminor axis of second body . b 0.318 
Ellipticity constant.......... : olf 0.169 
Reflection constant........ ‘a ©.0177 
Spectrographic elements (Miss Maury): | 
SDC een Tee 1944627 
Eccentricity of ois stitial e 0.05 
Longitude of periastron..... w 190° 
Semiamplitude of relative velocity K,+K, 480 km/sec 
Minimum radius of relative orbit. (a,-+a,) sin 2 9.5X10° km 
Minimum mass of system....... (m,+-m,) sin3 i 16.5 
Sun = I 
Mass of system....... m,+m, 24.0 
Semimajor axis of first body....... 17, 6.22 
Semimajor axis of second body r, 5.60 
Semiminor axis of first body b, 5.51 
Semiminor axis of second body. . b, 4.95 
Density of system. m woe 0.074 
Surface brightness of first haity - f 11.6 
Surface brightness of second body.. J, 18.8 
Radius of relative orbit eee ea 1.08107 km 
Absolute visual magnitude of first 
body . id xeaed Pees M, —1.65 
Absolute visual snipe of oid 
body...... aN . MM, —1.94 
Effective leniiaiatene of fi first hedy _ 13 ,000° 


Effective temperature of second body 7, 17,000° 
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in Table 2. The light-curve computed from these elements gave a 
mean residual of +0.005 mag. for the twenty normal points. The in- 
clination, it may be mentioned, did not vary greatly with the various 
photometrically possible solutions, being always between 62° and 
66°, so that sin 7, which is an important element in combining the 
data obtained here with the spectrographic elements, is determined 


within a few per cent. 








suN(_ ) 











Fic. 2.—The system of u' Scorpii, projected 


Effecting this combination, we found the mass of the system to be 
24.0 times that of the sun, and the long semiaxes of the stars 
4.3 X 10° and 3.9 X 10°km, respectively, or 6.22 and 5.60 solar radii. 
Assuming equal mean densities for the two stars, the mean density 
of the system was computed to be 0.074 of that of the sun. Taking the 
ratio of the luminosities from Table 3, and taking the parallax as 
o’0074, as given by Kapteyn,' the visual absolute magnitudes of the 
components were found to be —1.65 and —1.94. These led to values 
for the visual surface brightnesses of the two stars of 11.6 and 18.8 
times that of the sun, respectively. Lundmark’® derives the following 
average values for B3 stars: absolute magnitude about —1.0 and 
surface brightness approximately 14.5 times that of the sun. 

Using the mean radii, 5.86 © and 5.26 ©, respectively, together 


SAp. J., 40, 43, 1914. © Handb. d. Ap., 5, 584, 1933. 
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with the absolute magnitudes given above, effective temperatures 
were calculated for the two stars from the formula’ 


29500 


Ss log R — 0.08. 


M,= 
The values found were 13,000° and 17,000”, respectively, the mean of 
which is reasonable for a B3 star. 
Figure 2 shows a sketch of the system as viewed from the earth, 
with the sun drawn in to show the scale. 
We are grateful to Professor H. N. Russell for the suggestion to 


observe this star and for his valuable criticisms, and also to Dr. F. E. 
Roach, who participated in the observations during the first season. 


McDoNnaALp OBSERVATORY 


December 1937 


7 Russell, Dugan, and Stewart, Astronomy, p. 732, 1927. 





THE 150-FOOT NEBULAR SPECTROGRAPH OF THE 
McDONALD OBSERVATORY* 


O. STRUVE, G. VAN BIESBROECK, AND 
C. T. ELVEY 
ABSTRACT 

A spectrograph for diffuse galactic nebulae has been installed on Mount Locke. 
Emission lines of H and [O 1] 3727 are found in several nebulous regions in Orion: 
IC 434, including the Horsehead nebula, the dark region west of the Horsehead nebula, 
and the luminous edge of a dark nebula near BD+12°814. Emission lines are also pres- 
ent in the nebula northwest of o Scorpii. The red nebula near Antares shows a con- 
tinuous spectrum. The continuous spectrum of the Orion nebula suggests a distribution 
of energy which is roughly similar to that of the Trapezium stars; the continuous 
emission at the Balmer limit is weak or absent. The emission lines of the night sky are 
weaker at Mount Locke than at Williams Bay. 

The 58-foot slit spectrograph’ for diffuse galactic nebulae, at- 
tached to the 40-inch refractor of the Yerkes Observatory, can be 
used advantageously for extremely faint, large nebulosities. In con- 
tinuing our work on galactic nebulae it will be necessary to obtain 
the spectra of many small objects. Furthermore, it will be desirable 
to measure the intensities of the emission lines and of the continuous 
spectra in close proximity to the exciting stars. In the 58-foot spec- 
trograph the camera is focused at the slit, and the spectrum of a 
star has a width of about 16’ on the plate. In order to reduce this 
width, it is necessary to increase the length of the spectrograph. 

This cannot conveniently be done in connection with the tube of 
the 40-inch refractor, which has a length of 60 feet. We have, there- 
fore, built a new instrument which has now been installed on Mount 
Locke in Texas. The effective length of the spectrograph is 150 feet, 
or 46 meters; the width of a star’s spectrum is about 6’ when the 
camera is focused on the slit. This is usually sufficient to reproduce 
the structure of a nebula along the slit. If greater resolution in the 
nebula is required the camera may be focused at the sky, in which 
case the lines appear with a width of 6’, while the structural fea- 
tures of the nebula are reproduced without distortion. This method 

* Contributions from the McDonald Observatory, University of Texas, No. 7. 
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will be of considerable value in measuring the energy distribution of a 

nebula in the vicinity of a star. For the detection of faint emission 

lines it is, of course, not advisable to broaden the lines by focusing 

at the sky. 
The instrument is, in principle, similar to the 58-foot spectro- 

graph. However, it has two additional reflections from aluminized 

(or silvered) plane mirrors. Hence, the speed is appreciably re- ee 

duced—an effect without which it would have been impossible to 

secure the other advantages. Mr. Leroy Clausing, who aluminized 

the mirrors, informed us that the reflecting power of each mirror 

should be between 0.83 and 0.87. Hence, the speed is reduced to 

about 0.7 of its former value. Diay 
In its present form the spectrograph gains in speed over a similar 

instrument attached to an image-forming reflector by the absence 

of a collimator. For practical purposes it has two important ad- 

vantages over a focal-plane spectrograph: (1) its slit has a length of 

approximately 1°5 in the sky; and (2) it is completely independent | 

of any large telescope and can, therefore, be used when the latter is 

otherwise employed. Figure 1 shows the form of the instrument. 

Taking advantage of the slope of Mount Locke, two piers separated 

by a distance of 75 feet were erected. The upper pier carries a sta- 

tionary circular plane mirror (made of plate glass), M,, 24 inches in 

diameter. This mirror faces downward toward the south pole. Three 

push-pull supports around the cell allow accurate orientation. Sac 
The lower pier carries the main part of the instrument, which is 

fastened to a polar axis provided with convenient adjusting arrange- 

ments. For that purpose we had available a polar head which the —_ 

late H. H. Porter had built for the Yerkes Observatory and which | slit 

has been used there for several smaller instruments. An 8-inch chan- 

nel, C, supporting the various parts of the instrument, is fastened to 

this polar axis. The f:1 Schmidt camera of 94-mm aperture and the 

two quartz prisms, described previously,’ are attached at P between 

two 5-inch channels bolted to C. The camera is set up eccentrically, 

so that its optical axis, 12 inches away from the polar axis at that 

point, is directed toward the mirror on the upper pier. In a sym- 

metrical position, also 12 inches away from the polar axis, is a plane 

mirror (also made of plate glass), M., which constitutes the slit. 
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This mirror, 36 X 10 inches in size, is supported in a long frame and 
turns around two pivots, the axis of which coincides with the sur- 
face of the mirror. By turning this mirror M,, the light from objects 
at various declinations along the same hour-circle can be brought 
into the dispersing system P. The slit consists of two half-curtains 
attached to straight edges, the separation of which is varied by 
means of two left and right screws geared together. A slit varying 


M 


FIG. 1 


from zero to a width of 10 inches can be secured. In order to orient 
the mirror in the proper direction there is attached to its east pivot 
a 6-inch gear wheel, G,, which meshes into an identical wheel, G,, 
acting as an idler, and this is geared with a 32-inch gear, G,, having 
one-half the number of teeth. Gear G, is clamped on the declination 
axis of the 4-inch guiding telescope, 7,. By means of this connection 
of mirror and guiding telescope, the part of the sky viewed through 
T, is projected into the optical system P. An auxiliary 1-inch tele- 
scope, 7., is used for adjusting the alignment of the slit mirror and 
the telescope. The polar axis is lined up with the earth’s axis by 
means of the 4-inch guiding telescope, 7,; and the small telescope, 
T,, is. used for properly centering and orienting the fixed mirror, M,. 
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The main slit is produced by the 36-inch mirror, M, but next to 
it, and independently turning around an axis, which is the extension 
of the axis of the longer mirror, is a 12 X 10-inch plane mirror. By 
turning this small mirror relatively to the larger one, a region in a 
different declination but at the same right ascension can be recorded 
simultaneously with the region photographed by means of the larger 
mirror. The spectral lines show a small break separating two parts: 
the first comes from the field reflected by the slit mirror, M,, and 
also viewed in the guiding telescope; the second gives the neighbor- 
ing comparison field through the smaller auxiliary slit mirror. The 
relative angle of the two mirrors is read to the nearest degree. The 
actual width of the slit on the mirror has to be changed according to 
the declination. It is easily seen that if e is the effective aperture of 
the slit (Fig. 1) and a the actual separation of the jaws J of the 
straight edges, the setting for a given declination 6 depends on the 
distance d between the mirror M, and the curtain c. The light is re- 
flected toward the center of the upper mirror M,. The path is, 
therefore, not exactly parallel to the polar axis. The two directions 
make an angle of 46’, so that the relation between a and e becomes 


a = 2d tan 3 (90 46’ — 6) + e sec 3 (90° 46’ — 5). 


In the instrument set up at Mount Locke a declination as far south 
as —52° can be reached in the meridian. 

The polar axis is driven by a synchronous motor; a planetary gear 
system in the driving train, operated by a small motor, furnishes 
electric slow motion in right ascension. 

The shielding of the camera is obtained (a) by putting a dia- 
phragm D at the end of a 3-foot tube attached in front of the prisms 
(the dimensions of the diaphragm are such that the latter envelops 
the cone subtended by the mirror M,); (6) by providing behind this 
upper mirror an opaque shield, S, which prevents the light from the 
sky immediately surrounding the mirror from striking the prisms; 
and (c), by an intermediate screen not shown in Figure 1 but re- 
produced in Plate X. 

The elimination of direct light from the northern sky, and espe- 
cially the complete avoidance of faint light reflected by the observ- 
ing platform, by metallic parts of the instrument, and even by the 
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clothing (and face) of the observer, proved to be rather difficult. 
The green and the red auroral lines are so strong that the boards of 
the platform, rocks and leaves on trees produced a distinct spectrum 
on the plates. Since it was not convenient to build a dome for the 
spectrograph, or to inclose the 75-foot stretch between the camera 
and the upper plane mirror, elaborate precautions had to be taken to 
avoid all scattered light from terrestrial objects. 

Plates XI and XII show reproductions of some of our first spectro- 
grams. The spectrum of the night sky is shown on all photographs, 
including the narrow strips produced by the comparison mirror. It 
is essentially similar to the night-sky spectrum obtained at the 
Yerkes Observatory.? The relative intensities of the strong, and 
probably also of the weak, emission lines of the night sky undergo 
large variations. For example, the red auroral line is sometimes 
stronger than the green auroral line (Pl. XI a, 6). But at other times 
the green line is stronger (Pl. XI c, d, e). The eye could detect no 
lifference in the illumination of the sky, and there was no obvious 
trace of aurora on any of the nights. 

Plate XI a shows the spectrum of the nebula IC 434, near the 
Horsehead nebula. The guiding star was BD — 2°1336 = HD 37699, 
spectral type Bs5, photographic magnitude 9.0. This star is just 
west of the Horsehead nebula. The comparison mirror was pointed 
10 farther north. The Balmer lines are strong in emission, as is also 
[O 1] 3727. The slit was fairly wide, and the Horsehead is clearly 
seen in the image of \ 3727. The Balmer lines Hf, Hy, and Hé are 
too weak to show this feature clearly, and Ha is in a region where the 
focus of the sky is very poor (because of chromatic aberration in the 
Schmidt correcting plate). Ha and \ 3727 extend beyond the Horse- 
head toward the east. Evidently the entire region of the Horsehead 
dark nebula and of the obscuring cloud toward the east are emitting 
a faint glow in the Balmer lines and in \ 3727. The exposure was 
35 hours on February 22/23, 1938. 

Plate XI 6 shows another portion of the same nebula. The guid- 
ing star was BD—2°1345 = HD 37903, spectral type B3, photo- 


graphic magnitude 8.4. The slit was narrow, corresponding to 30 mm 


2 Greenstein and Henyey, Ap. J., 86, 620, 622, 1937; 87, 79, 1938. 
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at the pole. The other star (toward the east) is BD—2°1350 = HD 
38087, spectral type B8, photographic magnitude 8.6. The difference 
in the energy distributions is quite marked. Both stars are surround- 
ed by small bright nebulae, NGC 2023 and IC 435, respectively. 
Our plate should barely resolve the outer edges of these nebulae, 
which are listed by Hubble as having continuous spectra. It is quite 
clear that the widths of these continuous spectra are somewhat in 
excess of 6’, and we are justified in attributing the outer edges to the 
nebulosities. So far as we can tell, there is no difference between 
each nebula and its illuminating star. There are certainly no strong 
emission lines. However, the general field of the background shows 
a conspicuous emission line of Ha which is not seen in the comparison 
spectrum taken 60° farther north; [O 1] 3727 is also present in emis- 
sion. The Ca 1 lines H and K are present in absorption and look 
slightly stronger in the nebula than in the comparison spectrum. 
This may be due to the zodiacal light. The emission lines of the 
background extend to the eastern edge of the plate—about 45’ from 
BD — 2°1345. The Ross Adlas shows no definite bright nebulosity in 
this region, but there are unmistakable signs of obscuration. Ross’s 
photograph of the Orion nebulosities taken with a 3-inch lens at the 
Yerkes Observatory’ shows that this entire region is full of very 
faint nebulosity which gradually merges, on the east, with the “Great 
Spiral” of Orion, the spectrum of which has already been shown by 
Greenstein and Henyey to‘be of the emission type. The extreme 
faintness of the nebulosity which we have observed and the strength 
of Ha illustrate the power of the new instrument. 

Plate XI c shows a region of the sky about 3° toward the north- 
west of \ and ¢ Orionis. The spectrograph was here focused ap- 
proximately at the sky, so that the star spectra are narrow, while the 
lines are slightly out of focus. The region is shown in Plate 33 of 
Ross’s Atlas and is reproduced here in Plate XIII. The guiding star 
is BD+12°810 = HD 36308, spectral type G5, photographic mag- 
nitude 9.1. The other star, toward the east, is BD+12°814 = HD 
36508, spectral type Fo, photographic magnitude 9.5. The guiding 
star is involved in a fairly dense, dark nebula—Barnard No. 30 
the eastern and southern edges of which resemble the luminous rims 


3 Ap. J., 65, 137, 1927. 
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frequently observed in dark nebular.4. BD+12°814 is involved in 
a dense star cloud, and there is no indication of bright nebulosity 
near it. Barnard,’ in describing the dark nebula, remarks: ‘‘This ter- 
minates rather abruptly toward the south. There is some feeble 
nebulosity on its southeastern border and the impression given is 
that the absence of stars here is due to a darker part of the nebulos- 
ity which obscures the more distant background of small stars.” 
Evidently Barnard was referring to the luminous rim. The spectrum 
shows Ha and \ 3727 in emission, near BD +12°814. This emission 
extends about two-thirds of the way toward the guiding star and 
rather abruptly ceases at the edge of the dark nebula. Without ac- 
curate measurements it is not possible to detect within the dark 
nebula an excess in the intensity of the lines of the night sky which 
happen to lie near Ha and \ 3727. The existence of emission nebu- 
losity so far from \ Orionis is indeed surprising. There is, of course, 
no definite proof that the excitation comes from \ Orionis, but the 
suggestion is plausible. This emission nebula is the faintest which 
we have thus far observed. The comparison spectrum was taken 
about 50° farther north. 

In order to test whether there are emission lines in regions of the 
Milky Way which are still farther removed from Orion, we have ob- 
tained a spectrogram (Pl. XI d) with BD+14°1060 = HD 39317, 
spectral type Bg, photographic magnitude 5.55 as the guiding star. 
The fainter star is BD+14°1074 = HD 39729, spectral type Ko, 
photographic magnitude 7.84. This region is located in a dense star 
cloud, without obvious nebulosity, about 6° northeast of  Orionis. 
The spectrum reveals no emission lines. The comparison spectrum 
was taken about 50° farther north. 

Plate XI e shows the speectrum of the red nebula near Antares, 
taken about 15’ north of Antares. The comparison spectrum was 
taken about 50° farther north. The continuous spectrum of the nebu- 
la shows a large excess of red light. There are no conspicuous emis- 
sion lines other than those which can be attributed to the night sky. 
The fact that some of them appear strengthened in the nebula is 
no doubt caused by two effects: the pre-exposure of the continuous 
background, and the greater proximity of the nebula to the horizon. 


4 [bid., 85, 195, 1937. 5 Atlas of Selected Regions of the Milky Way, Pl. 6. 
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The spectrum of Antares does not possess sufficiently strong ab- 
sorption bands which we could observe in the reflected light of the 
nebula. Although a more detailed study of this spectrum will be 
made during the coming summer, we tentatively conclude that the 
nebula is essentially of the reflection type. 

Plate XII a and 6 shows the spectrum of the nebula near o Scorpii. 
The major portion of this nebula is of the reflection type: its color 
is blue and corresponds to that of the Br star o Scorpii.° But the 
northwestern portion of the nebula was recently found to be strong 
in red light,’ suggesting that it contains Ha in emission. Photo- 
graph a was made on March 30/31, the exposure time being 3°25™. 
It was centered 13’ west and 13’ north of @ Scorpii. The slit, there- 
fore, cuts across the red nebula recorded in Plate II of Volume 86 of 
this Journal. Emission lines of Ha, [O u| 3727, HB and Hy are clear- 
ly visible. Bright Ha extends faintly to the eastern edge of the plate 
but breaks off fairly abruptly near the western edge. It is possible 
that a very faint trace of the emission line extends as far as the west- 
ern edge. Photograph 6 was made on March 28/29, with the slit 
centered about 10’ east and 15’ north of o Scorpii. The only emis- 
sion line visible in this region is Ha. In harmony with the exposure 
of March 30/31, it increases in intensity toward the west. But it 
extends as a faint emission line over at least two-thirds of the length 
of the slit. 

We have obtained numerous spectrograms of the central parts of 
the Orion nebula. The continuous spectrum discovered by V. M. 
Slipher® is quite strong on some of our longer exposures, and its 
energy distribution leads us to the tentative conclusion that it is 
predominantly produced by reflection of light from the Trapezium 
stars. This agrees with Slipher’s result. We have attempted to ob- 
tain a plate with a small portion of the slit greatly reduced in width. 
The spectrum of the Trapezium stars is thereby reduced in density 
while the nebula is unaffected. Such plates can readily be used for 
the determination of the energy distribution in the continuous spec- 
trum of the nebula. There is little or no indication, on our plates, 
of a continuous emission at the Balmer limit. 


© Ap. J., 84, 219, 1936. 7 [bid., 86, 94, 1937. 8 Pub. A.S.P., 31, 212, 1910. 
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Plate XII c and d shows the spectrum of the night sky. Photo- 
graph c was taken at the McDonald Observatory at 6 = —4o”’, the 
telescope being kept stationary in the meridian. The comparison 
spectrum was obtained with a narrower slit. The short emission 
lines between the two sky spectra were produced by means of a 
mercury arc. Exposure d was taken by Greenstein and Henyey at 
the Yerkes Observatory. The region exposed was that of the 
Taurus dark nebula. The intensities of night-sky emissions are rela- 
tively stronger at the Yerkes Observatory. It appears reasonable to 
suppose that the continuous spectrum has approximately the same 
intensity. Because of the much longer exposure in Texas (7 hours, 
against 4 hours) the continuous spectrum is denser in ¢ than in d. 
The weakness of the night-sky emissions in Texas, as compared with 
those observed in Wisconsin, appears to be characteristic of our 
plates. At both stations large variations in the emission spectrum 
were recorded from night to night. It is entirely possible that there 
are also seasonal variations. But there is a strong suggestion that 
the systematic difference between Yerkes and McDonald is due to 
the difference in latitude between the two stations (Yerkes Observa- 
tory, N. 42°34’ 1276; McDonald Observatory, N. 30°40'13”’). 

McDONALD OBSERVATORY 
April 1938 








EVIDENCE FOR COMPLEX STRUCTURE IN 
LINES OF INTERSTELLAR SODIUM 





C. S. BEALS 


ABSTRACT 

Complex structure has been observed in the profiles of narrow sodium D lines ap | 
pearing in the spectra of the three stars ¢ Orionis, ¢ Orionis, and p Leonis. For each star 
the profiles of the sodium D lines show a remarkable similarity to the profiles of the 
corresponding H and K lines of Ca 11. The observations have been interpreted in terms 
of absorption by separate clouds or condensations of interstellar matter between the 
star and the observer. 

In a former paper’ the writer called attention to the existence of 
extremely narrow double H and K lines of Ca 1 in the spectra of 
the stars p Leonis, € Orionis, and ¢ Orionis; and the suggestion was 
advanced that these complex lines could be explained as a conse- 
quence of the relative motions of discrete clouds of interstellar mat- 
ter between the star and the observer. This suggestion was based 
partly on the extreme narrowness of the lines, which was in marked 
contrast to the considerable widths of other lines in the same spectra, 
and partly on the large differences in velocity shown by the lines of 
one star, p Leonis, which made it highly improbable that the narrow 
double lines could have their origin in the stellar atmosphere. Fig- 
ure 1 illustrates the double character of the calcium lines of these 
stars and their widths as compared with those of neighboring stellar 
lines. At the time the observations were made, the dispersion avail- 
able in the visible region was insufficient to determine whether the 
sodium lines showed the similarity to those of calcium which a hy- 
pothesis of interstellar origin would require. 

Recently, through the kindness of Professor R. W. Wood, an 
aluminum-on-glass grating, specially ruled by him to concentrate a 








large portion of light in one second order, has been secured for this | 
observatory. This grating, mounted in the Victoria stellar spectro- 
graph with a camera of 96 cm focal length, gives at the D lines a 
dispersion of 5.2 A/mm with a theoretical resolving-power of about } 
75,000. This compares quite favorably with the three-prism dis- 
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persion of 4.5 A/mm at K. The theoretical resolving-power for the 
three prisms is somewhat greater, being in the neighborhood of 
100,000, but this is compensated by increase of the factor \/c of 
the Doppler formula in the visible region. While the actual purity, 
as indicated by the separation of close lines in the comparison spec- 
trum, is greater for the K region, owing to somewhat superior defini- 
tion, the difference is not great; and it might reasonably be expected 
that, if the interstellar H and K lines are clearly seen as double, then 
the corresponding sodium lines should also show signs of resolution. 
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Fic. 1.—Complex lines of interstellar calcium. The interstellar K lines are shown in 


their normal positions, with a scale to indicate the velocities of separate components. 
For e and ¢ Orionis the helium lines \ 3964 and A 4026 have been removed from their 
normal positions and superposed on the K lines to illustrate the difference in width. 


For p Leonis the stellar K line in its normal position serv.s a similar purpose. 


The new grating was received on October 30 of last year; and, 
although cloudy weather since that time has interfered with observa- 
tion, it has been possible to obtain four spectrograms of € Orionis, 
three of ¢ Orionis, and one of p Leonis. Mean profiles derived from 
microphotograms of these plates are shown in Figure 2. Corrections 
have been applied for the influence of water-vapor lines, which are 
of appreciable strength at the altitude of the Orion stars; and, while 
such corrections are subject to some uncertainty, it can be stated 
with reasonable confidence that general conclusions as to the nature 
of the lines are not seriously affected by this cause. 

A comparison of Figures 1 and 2 shows a rather striking similarity 
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between the lines of sodium and calcium. This similarity applies 
both to the widths of the lines (which, as has already been pointed 
out, are much smaller than those of stellar lines appearing in the 
same spectra) and to their double character, which is clearly shown 
on both sets of profiles. A reference to Table 1, in which are given 
equivalent widths for both Ca 11 and Na 1 lines, indicates that the 
sodium lines are, on the average, considerably stronger than those 
of calcium, and this is in general agreement with observations of 
interstellar lines of about the same order of intensity in other stars. 
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Fic. 2.—Complex lines of interstellar sodium. The velocity scale is the same as 


that of Fig. 1 and illustrates the agreement in position of separate components of 


sodium and calcium lines. 


Further evidence of the similarity of sodium and calcium lines 
is given by the measures of velocity which are shown in Table 2. 
This table contains the velocities of the red and violet components 
of the double lines as measured with an ordinary micrometer ma- 
chine. The stellar velocities from the catalogue of Plaskett and 
Pearce? are also included for purposes of comparison. The detailed 
agreement in velocity between separate components of sodium and 
calcium lines is very satisfactory, suggesting a common origin. The 
stellar velocity for each of the two Orion stars is close to that of the 
red component of the complex lines; but in p Leonis, which has a 
velocity of recession of 42 km/sec, the stellar velocity is 25 km/sec 
more positive than the red component of the “‘interstellar’’ line. 


2 Pub. Dom. Ap. Obs., 5, 99, 1930. 
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This point is well illustrated in Figure 1, where a stellar K line of 
appreciable strength is shown in its relation to the two narrow lines 
which are believed to be interstellar. None of the three stars shows 


any evidence of a stellar sodium line. 


TABLE 1 


EQUIVALENT WIDTHS (KM/SEC) OF Ca Il AND Na 1 LINES 





| Ca Nat 
STAR | | = i ws = = 
| 
| A 3033 | nN 3905 | nN 553590 A 55905 
fae 
e Orionis } Q.1 4.4 20.0 12.6 
¢ Orionis. . 7.0 ey, 17.0 10.0 
p Lecnis 8.4 | 4.5 13.2 8.6 
TABLE 2 


INTERSTELLAR AND STELLAR VELOCITIES (KM/SEC) 


Stellar 
STAR Cat Val : 
| Velocity 
| 
Viclet component | 4+ 82 | + 8.09 }I 
e Onions’ < 5. 4. I ly = oo tl +a .8 
Red component. +22.8 | -+-a1 | 
ane Violet component | 30 | — 2.8 }] 
¢ Orionis akan I zs | +19.0 
Xed component i “22:0 “22.6: | 
—— Violet component | —11.0 | —10.6 )| eee 
? Leo S > | 2.2 
f Red component +16.0 | +18.9 f] 4 
| 


The general result of these observations is to lend weight to the 
hypothesis of an interstellar origin of the complex lines. The obser- 
vations of Ca 11 considered alone are difficult to explain on any other 
basis, while the sodium lines, which are, on the average, considerably 
stronger than those of calcium, offer additional evidence of an 
even more convincing nature. The early spectral type of the stars 
(Bo) makes it unlikely that stellar sodium lines of observable 
strength could appear in their spectra; and since the D lines which 
have been observed are relatively strong, with intensities consider- 
ably in excess of those of Ca 1, the possibility that either component 
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of the double lines could have its origin in the stellar atmosphere 
seems extremely remote. 

If the interstellar origin of these complex lines may be regarded 
as definitely established, there is made possible a new approach to 
the problem of interstellar matter which may prove to be of con- 
siderable interest and importance. A line having more than one com- 
ponent may be regarded as giving an indication of the existence and 
the velocity of one or more separate clouds or condensations of 
interstellar material; and, under certain circumstances, with a favor- 
able distribution of stars it may be possible to delineate roughly 
the boundaries of such condensations and to determine their approxi 
mate dimensions. In the light of present observations, the area of 
the sky most favorably situated for such an investigation would 
appear to be the Orion region, and it is proposed to investigate as 
many of the stars in this area as can be efficiently observed with the 
Victoria equipment. The effective extension of such observations to 
fainter stars with stronger lines will probably be possible only with 
greater telescopic power and larger dispersion. When such observa 
tions become available they should afford a direct test of the hy 
pothesis, advanced by the writer’ on other grounds and supported 
by the observations of this paper, that condensations of gas having 
reasonably large peculiar velocities are a common feature of inter 
stellar space. 

DoMINION ASTROPHYSICAL OBSERVATORY 
VictortA, B.C. 


January 18, 1938 























THE SPECTRUM OF y CASSIOPEIAE IN THE 
PHOTOGRAPHIC REGION 


RALPH B. BALDWIN 


ABSTRACT 

The double emission lines began to narrow in November, 1936, and the spectrum 
became entirely one of single, narrow emission lines during the early summer of 1937, 
All lines became much stronger in the single-line stage. The spectrum was remarkable 
for the great number of lines of ionized iron, while the Balmer series was measured 
from //68 to H132. One Cat line was identified. Other elements found are Aln, 
Cau, Cru, Het, Mgu, Nim, Siu, and 77 1, while A u, Cr1, Mg1, Mn1, Su, and 
Sc m1 are identified provisionally. 

Previous to and after the single-line stage which ended in November, 10937, the 
emission lines were divided by an absorption line. The intensity ratios of the two emis- 
sion components of a line varied with time 

The recent changes in the spectrum of y Cassiopeiae have been 
followed on spectrograms taken with the one-prism spectrograph of 
the University of Michigan Observatory. The dispersion is 40 ang- 
stroms per millimeter at /7y. Process emulsion was used throughout 
the series of plates. 

These changes fall automatically into three stages: 

1. The emission lines are double and the components are ap- 
proaching each other. A central absorption line is present, although 
it had weakened decidedly before the emission started to narrow. 

2. The central absorption has disappeared and the emission lines 
are single and narrow. In this stage some lines, notably those of 
He 1, show a broad, shallow absorption with the emission line nearly 
in the center. 

3. The emission lines are again double and are separating. 

In stage 1, the violet components of the hydrogen, the Fe 0, 
and the S711 emission lines were much stronger than the red com- 
ponents. This V/X ratio continually increased. Helium was strong 
in absorption, while the emission was weak but had equal com- 
ponents. The hydrogen lines began to narrow in November, 1936. 

3oth hydrogen and Fe 11 became single early in May, 1937. Helium 
became single next, around May 20, the emission strengthening and 
the absorption growing weaker as the lines approached the single 


I/O 
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state. The Sz lines remained double until the middle of June. 
They became rather unequal during the narrowing but finally ap- 
proached equality just before they became too close to resolve. 

As the emission lines narrowed and became single, they seemed to 
increase in strength, and many emission lines previously too weak 
to be seen, appeared in more or less prominence. In all, seventeen 
elements were called upon to identify the lines. Eleven seem definite- 
ly present, while six were given provisional identifications. Fifty 
lines remain unidentified. Fer, hydrogen, and helium gave the 
strongest and most numerous lines, while A/ u, Ca 11, Ca m1, Cr 0, 
Mgu, Niu, Sit, and 7i 1 were less prominent. The hydrogen 
continuum beyond the head of the Balmer series was strong in 
emission. 

On a spectrogram taken November 6, 1937, the Sz lines near 
3850 had begun to widen, and they were just resolvable on No- 
vember 23. The R emission was equal to, or perhaps a little stronger 
than V. The hydrogen lines appeared to have a faint shading on the 
violet edge as if they were ready to separate, with R stronger. 

This was confirmed on a plate taken December 28, when the 
hydrogen lines were clearly separated. The R/V ratio was greater 
than for the Sz 11 lines. Wet and Fe 1 lines were wider than before 
but were not yet double. They were considerably weaker than in 
the single-line stage. 

A future paper will deal with the changes of radial velocities and 
the V/R ratios. 

Table 1 contains measured wave lengths of all lines found on two 
or more plates out of seven taken during the single-line stage. The 
observed intensities are the averages of estimates made on all seven 
plates. Practically all of the unidentified lines are extremely weak. 


I wish to thank Director Curtis and Dr. McLaughlin of the Uni- 
versity of Michigan Observatory for the spectrograms made avail- 
able to me, and Director van de Kamp of the Swarthmore Observa- 


tory for the use of an excellent measuring-engine. 
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TABLE 1 


EMISSION LINES IN THE SPECTRUM OF y CASSIOPEIAE 

















| 
—— r ce Identification Notes ene . a Identification Notes 
36060. 31 > | H32 0.28 3945.48 >.3 | Fem 5.23 (p) 
3061.19 I | H3r 1.22 ) 948.82 ° | 
3662.29 I | H30 2.26 ( ) 960.98 | > Feu 0.90 (3) 2 
3003.35 4 | H29 3.40 ( ) Qg04 os | Het 4.32 (4) 
3064.66 | | H28 4.68 3968.58 I Cam 8.49 (350R) 
3666.12 5 H27 6.10 970.09 He 0.08 6) 
3667.71 5 Hw 7.08 ) 074.20 3 | Fem 4.16 (3) 
3669.47 ¢ Hy 9.47 989.86 > | 
3071.47 Hy 1.48 1002. 26 } > Fei 2.06 (2) 4 
3673.76 7 He 3.76 >. 55 (3) 
36076. 30 8 | Hy 6.30 }009 34 I | Het 9 I) 
3077.7 7| Cri 7.70 JOI2.20 > Tiu 30 (4 I 
| 7.80 {I } 5 | 3 n Leonis 
3670.31 8 | Hr 9.36 ) 4020. 26 | 8 Het 6.19 (5 
3052.70 | 5 | Ho 2.81 ( ) | } 6.30 (1) 
3085.22 asm. §.2 5 4028.8 D3 | 2m S35 7) ie 
3086.82 | 9 Hp 6 ) | ) 5.74 (7) I 
3090.72 | >) | | { 3 | 0.3 | Mni 76 (200R) I 
3001.56 | 9 | Hr 1.56 | 4032. ¢ | fo) Feu 2.95 (3) 
3097.13 Py | He 7.15 ) $037.01 | > 
37 79 | II He 3.380 ) 1039.9 > 
3 I | a Het 5. oO 105 18) | ) 
| ..¥g (1) | 1053.04 | > Tiu 3.83 (3) I 
3711.95 12 Hy 1.97 | $957 7 ) 
3712.98 ».71Cru 2.94 ¢ $055.05 , 
3721.93 | 13 } Hy I.Q4 jOOI .54 | @) A stars 
734.37 14 | Hy 1.37 jor 9 2 Nill 7.04 (3) 
3748.55 I | ror .68 25 Hé r.75 (7) 
3750.12 oe (ee 15 1) 4104 |} oO 
3757.94 » | 7am 7.69 (3 I 4105.87 ° 
3759.34 » | Tin 9.30 x 4109.6 i. 4 
3701.51 ° Titl 1.32 200) | 1120.82 2.5 | Het o.81 (3) 
} | Cait 1.62 (6) | 0.98 (1) 
3709.46 } 2 | Vill 9.46 5s) | 4122.79 | 1.5 Feu 2.64 (4) 
3770.03 } 10 | He 0.63 (2 $124.73 | ° Few 4.79 (1) 
3780.14 } > | 4128.22 3.5 | Sim 8.05 (8) 
3783.34 >».7 | Feu 5.38 1) Feu 8.74 (3) 
3707.9 | 17 | He 7.90 3 1130.88 | 3.5 | Stem 0.88 (10) 
3813.82 | ».3 | > Pegasi | 4133 | fe) n Leonis 
819 63 3 Hei 9.61 { $143.79 3 Het 3.77 (2) 
| 9.75 1) | 4173.4 | 5 Feu 3.45 (38) 
3824.9 7 | Fei 4.91 (4) $177 I Fei 7.68 (p) 3 
3832.26 | Mgt 2.31 Sor I 4178.88 6.5 | Fem 8.86 (8) 
3835.35 } 1 | Hn 5.39 (4) 1181.8 > 
3838.4 0.3 | Het 8.09 1) I 4190.18 > 
| Mgt 8.3 1oor) I 205. 32 © 
>.3 | 114233.16 9.5 Fel 3.17 (11) 
9 | Nit 0.54 2 $242.50 } ° Cru 2.38 (5) 
3553.70 | 2 t Sen 3.07 4 1252.70 ° Ur 2.63 (1) I 
3856. a 6.5 Sil 6.03 (8 254.68 ° Cri 4.35 (500R) I 
3857.70 | @ Aurigae { $255.1 I Feit 8.16 (3) 
3862 60 | 5 | Sil 2.60 6 4202.7 | >.3 
3867.45 | ° | Her 7.46 2 4206.54 © All 6.53 (10) I 
| 7.62 I 70.10 | e) | 4 
3888.76 25 | Het 8.65 I $273 I Fell 3.32 (3) 
| | He 9.05 5 4278.00 | > Feu 8.13 (1) 
3900.71 | ) | Tin 0.84 (70) 120 0.3 Till 0.23 (so) 
| |} All 66 (10) | 1206.5 3.5 Feit 6.57 (6) 
3906 oO: ° | Feu 6 5) | 1300.15 0.3 Till 0.06 (60) 
3914.31 } ° | 7im 3.47 60) ! 1303.18 s.§ | Fem 3.37 (8) 
| | Feu 4.48 , $307.4 >.3 Alll 7.20 (3) 4 
3927.85 ° Tilt 7.01 (40) 
3030.34 I | 4314.18 0.7 Fei 4.29 (4) 
3932.19 ° | 1325.49 0.3 | ScII 5§.00 (20) 3,4 
3033.68 1.5 | Catt 3.68 (400R) 1335.24 ° 
3935-91 | o3 | Her 5.0% t) 340.4 40 Hy 0.48 (8) 
Feil 5.94 (6) | 1346.08 =) n Leonis 
3938.41 } I Feu 8.29 2) { 1351.76 | 9 Feit 1.76 (9) 
8.07 1) | 1357.12 | 0.3 | Astars 
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TABLE 1—Continued 


Measured A} I 





le he oa " n 
Identification Notes (LA) | canaity 
Nill 2.10 1) | 1544.11 ° 
1540.23 Oo 
Feu 9 4O (2 1549.45 | | | 
A stars | | 
Feu 5.38 0 ) 
Het 7 Os 5 Oo! ie 
Meg i 8 I 8 66 1.5 
5 I cg ) 
BD +11°467 1563 ) 
Sé il ) I 572 Ss 3 | 
6.30 | | 
45 7 
Feit 0 155 Ss oh 
Feu 6.82 
BD+11°4 1588.01 7 
n Leonis 1592.1 
Meu 8 I 1595.06 
601.38 : 
Her 1.48 ( 618 
I.09 I 10 6 I 
4625 ( 
Meiro.1.14 I 1620.45 5 i 
I.34 1035.44 I | 
© 1.96 2 1643.91 e 
Feu 9.18 } 1050 2 
Feil I.4 5) »¢ 9 7 
Tim 1.28 40) 1,4 
Feu 8.28 8 1666.70 3 
v Sagittarii 713.30 ‘5 
Feil 5.34 7) 
Feu 22 7) 731.71 8 
Feu 2.63 re) 861. 30 c 
1921 2, | 


I 1 
Fei 1 


NOTES TO TABLE 1 


Identification inadequate or doubtftl 


Unclassified Fe 11 line. Also line in » Leonis and Nova Herculis, 


Line tabulated considered inadequate to account for observed strength of feature 


Broad feature 


1934 


Crit 
Ti 
Tiu 
Feu 
Feu 
Feu 
Crit 
Crit 
Feu 
Feu 
Cru 
Feu 
Feu 
Feu 
Feu 


Het 


ip 
Het 
Feu 
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THE CHANGE OF THE LUMINOSITY FUNC- 
TION WITH HEIGHT ABOVE THE 
GALACTIC PLANE 


ABSTRACT 

The stellar density gradient perpendicular to the galactic plane is determined as 
a function of absolute magnitude from an analysis of star counts in high latitudes. It 
is found that giants show much greater concentration toward the galactic plane than 
dwarfs. 

Van de Kamp and Vyssotsky' have recently determined the space 
density of stars of various spectral types, as a function of height 
above the galactic plane, from the estimates of the relative frequency 
of giants and dwarfs based on their proper-motion material. A den- 
sity gradient was found for dwarf G and K stars, which was appar- 
ently at least as steep as the gradient for the giants. In the present 
investigation these density gradients are tested by an analysis of 
the general star counts alone, and a determination is made of the 
density gradient as a function of absolute magnitude. 

The stellar density, D(M, zs), of stars of absolute photographic 
magnitude M at a height s, in parsecs, above the galactic plane, can 
be assumed to be of the form 

logy, D(M, 2) = log D(M,O) — Cu( =). 


[OO / 


I have fitted such an approximation to the density distributions giv- 
en by van de Kamp and Vyssotsky; the resultant values of Cy, the 
logarithmic density gradient per hundred parsecs, are summarized 
in the first column of Table 1. For comparison, the values of Cy ob- 
tained from the data by Oort? are given in column (2), and those of 
van Rhijn and Schwassmann in column (3). The density distribu- 
tions found by Oort and by van Rhijn and Schwassmann, which are 
in good agreement, depend upon the proper motions of brighter 


SAS, 485 177, 1036: 2 B.A.N., 6, 249, 1932. 3Zs. f. Ap., 10, 161, 1935. 


Yi 4 
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stars and upon an extrapolation based on star counts for larger dis- 
tances. 

The values of Cy in column (4) of Table 1 have been obtained 
from an analysis of star counts alone. The mean star counts given 
by van Rhijn‘ in the magnitude range from 5 to 18 were fitted by 
trial and error with the aid of (m, log 7) tables, as has been described 
by Bok.’ The conventional luminosity function,® derived for stars 
close to the galactic plane, D(M, O), was used. The star counts at 
the galactic pole were fitted by an adjustment of the logarithmic 
decrement, Cy, for the absolute magnitude groups given in column 


TABLE 1 


THE DENSITY GRADIENT AS A FUNCTION OF ABSOLUTE MAGNITUDE 


| | 
(1) 2) (3) 4) 


VW , , | : . 
Pg Van de Kamp | : Van Rhijn aoe . 
Vyssotsky | aa Schwassmann | coeentem 
| . | ;: | : 
—2 | 0.50 0.47 | 0.50 (M<—1) 
fe) | 24 20 
+1 | 0.35 40 (M=o, +1, +2) 
+4 11 13 18 (M=+3, +4) 
+6 } 0.45 | 11 (M=+5, +0) 
+8... 0.08 0.08 | 0.065 (M2+7) 
| 


(4). Interstellar absorption was neglected in this analysis of high- 
latitude counts because of the low optical thickness of the absorbing 
material. After the star counts at the pole had been approximately 
represented, an analysis of the star counts at lower latitudes 
(b = 70°, 50°) was used to obtain corrections to the assumed decre- 
ments. The values of Cy so obtained are essentially uniquely deter- 
mined by the run of the star counts, a point which has not been em- 
phasized previously. The uncertainties in Cy are of the order of 
+0.05 for M < —1; for M = +8 the error is less than +0.01. It 
appears that, unless a radical change is to be made in the luminosity 
function in the galactic plane, the general star counts are not com- 
patible with the steep density gradient for dwarf stars proposed by 
van de Kamp and Vyssotsky. Their gradients, when extrapolated 

4 Groningen Pub., 43, 1920. 

5’ Harvard Circ., No. 371, 1931. 6 Van Rhijn, Groningen Pub., 47, 1936. 
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to large values of z, yield only six stars per square degree at the 
eighteenth magnitude at the galactic pole. It is probable that the 
gradient found by them for dwarfs within 150 parsecs of the galactic 
plane is not typical of the density distribution at larger distances. 
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FiG. 1.—-Comparison of the predicted star counts, log A,,, on the basis of the density 


distributions of this investigation (points), with the mean observed star counts of 
Groningen Publication 43 (smooth curves), for various galactic latitudes, b. 
The predicted star counts, Aj,, are given in Figures 1 and 2, to- 
gether with the curves which represent the observed star counts, 
ry 5 fe} rYy 
, 30, 20, and 10°. The 


) 


A,,, at galactic latitudes 6 = go°, 70°, 50 
representation of the observed star counts is reasonably good from 
b = go to 30°, and indicates that the actual density distribution 
must be close to that given in Table 1, derived by Oort, van Rhijn 
and Schwassmann and by the author. 
More recently, Oort’ has given some results of unpublished work 
7B.A.N., 8, 97, 1936. 
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by Veldt, in which a different luminosity function and a different 
analytical form of the density law were employed. A direct com- 
parison is not possible, but the general order of magnitude of the 
density gradients is confirmed, as well as the dependence on absolute 
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It is not advisable to refine the present analysis because of the 
very arbitrary nature of the density law assumed and because of 
the omission of interstellar absorption. On the one hand, the effect 
of absorption is small and is first obvious in the excess of stars pre- 
dicted at the low galactic latitudes 6 = 20° and 10’, in the magni- 
tude range from 5 to 14. The generally good approximation to the 
mean star counts is sufficient to demonstrate the low total optical 
thickness of the absorbing material, as well as its high concentration 
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to the galactic plane. There also exist deviations in the opposite 
sense at fainter magnitudes at low latitudes, where the predicted 
numbers are too small. These residuals cannot be ascribed to ab- 
sorption or to errors in the value of Cy for the dwarfs. The adopted 
exponential density decrease is probably at fault, and a density law 
containing a small higher-order term is indicated. 
Jesse L. GREENSTEIN® 
YERKES OBSERVATORY 


November 1937 


THE COLORS OF REFLECTION NEBULAE 

The recently published determinations by Collins’ of the colors of 
nebulae with continuous spectra afford a basis for the investigation 
of the properties of the interstellar absorbing material. The radia- 
tion of stars of spectral type later than Br is scattered by matter 
which has, probably, essentially the same properties as that in the 
dark nebulae with which most diffuse nebulae are associated. 

The color indices of the nebulae as given by Collins in his Table 8 
and in Figures 4 and 5 seem, unfortunately, to be affected by a 
systematic error in the adopted color of the night sky used in the 
reduction. The effect arises in the course of the comparison of the 
night sky with extrafocal images of stars of known color index. If 
the color indices of the night sky are tabulated as a function of the 
color indices of the stars used in the determinations, the following 
results are obtained: 

Color index of star.....<o™1 or — oM5 >o™5 
Derived color index 

of the night sky. . +008, o™48, o™49 +0™78, O95 -+0™84, 0784, 0797, O™QQ 

It is apparent that for blue stars the color index of the night sky is 
too small. An inspection of Plates XXI-XXVII' shows that the 
color of the sky background was determined by Collins for regions 
quite close to the bright nebulosities, and it is possible that the 
quantity given by him as the color of the “sky” is, in fact, the color 
of the sky plus faint extensions of the nebulae. This would introduce 
a systematic error in the observed sense, since excess blueness of 

§ National Research Fellow. 


t Ap. J., 86, 529, 1937. 
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“sky” occurs near blue nebulae. Since the color indices of the neb- 
ulae are determined by comparison with those of the night sky, the 
systematic effect appears in the colors tabulated by Collins, and is 
the cause of the unexpected increase in the color excess of a nebula 
relative to the illuminating star, with increasing color excess of that 
Star. 

It seems better, therefore, to adopt the mean color index of the 
night sky given by the nine determinations above, namely, +0.71 
+ o.10 mag. (m.e.). In that case the colors of the nebulae are ob- 
tained by adding 0.21 mag. to the quantities given by Collins under 
the heading “‘Method I” in Table 8. These revised color indices are 
plotted in Figure 1 as a function of the color index of the illuminating 
star.? The use of a mean color index for the sky for the entire series 
probably introduces considerable scatter but has the advantage of 
providing a large number of observations for the determination of 
the relation between the color index of the nebula, C,,.., and that of 
the star, C,. A least-squares solution, using fourteen of the nebulae 
(—19 4357 was rejected as inaccurate, and NGC 2068 and 2071 as 
discordant), gives 

Cnb = — 019 + 0.88 C, , 


+ o”06 + 0.16 (m.e.). 


The coefficient of C,,, 0.88 + 0.16, is such that there is no significant 
deviation from constancy ef the quantity (C,.1— Cy), the “color 
excess’’ of the nebula relative to the illuminating star. Collins found 
a variation in color excess amounting to 58 per cent of the color 
index of the star. If the quantity (C,.. — C,,) is actually constant, it 
is probable that ordinary interstellar selective absorption is opera- 
tive in reddening by the same amount both the nebula and the star. 
This explanation seems more reasonable than one involving red- 
dening within the borders of the luminous nebulae, since such red- 
dening would require high total absorption, of the order of 5 mag. 
per parsec, in the bright nebulae. Such great absorption would also 
involve very low surface brightnesses for the nebulae of high color 
excess. Shajn’ indicates that the color excesses of the nebulous stars 
2F.H. Seares and E. P. Hubble, 7d7d., 52, 8, 1920. 


3Zs.f. Ap., 8, 168, 1934 
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observed by Seares and Hubble show the effect of a general selective 
absorption in the galactic plane of 0.3 mag. per kiloparsec. I have 
made a different type of reduction of this material, based on the cor- 
relation between the color excesses and the total photographic ab- 
sorption between the star and the sun. I have assumed that the 
photographic absorption coefficient is 0.85 mag. per kiloparsec, and 
that the total optical thickness of the absorbing medium is 0.50 mag. 
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Fic. 1.—The revised color indices of the nebulae, C,,,,. as a function of color index 
of the illuminating star, C,. The dotted line represents the least-squares solution. 


The estimates of the additional absorption in the dark nebulae with 
which the nebulous stars are associated were taken from the work of 
Struve and Story.4 The selective absorption so derived is 0.22 mag. 
per kiloparsec in the galactic plane. While this determination has 
small weight, it should be noted that the correlation between color 
excess and the estimates of total photographic absorption is quite 
satisfactory. The correlation coefficient obtained from fifty-six 
stars is +0.69. There is, therefore, good evidence that the color ex- 
cesses of the nebulae and the involved stars are of interstellar origin. 

The mean difference in color between nebula and illuminating 
star, the color excess, is —o.21 + 0.06 mag. on the international 


41 Ap. J., 84, 203, 1936. 








534 NOTES 


scale. This value depends on the mean color adopted for the night 
sky. J. Rudnick® gives a mean color of +0.67 + 0.06 mag.; Collins 
gives +o0.71 + o.10mag. The best value would, therefore, be +0.68 
+ 0.05 mag., yielding as the final value for the color excess of the 
nebulae, —o.24 + 0.08 mag. In spite of the various uncertainties, it is 
apparent that the nebulae with continuous spectra are, in the mean, 
slightly bluer than the illuminating stars. 
Jesse L. GREENSTEIN® 
YERKES OBSERVATORY 
February 1937 


THE RELATION OF THE BRIGHTNESS OF THE 
NIGHT SKY TO ZENITH DISTANCE* 
ABSTRACT 

Two all-night series of observations of the brightness of the night sky were obtained, 
neither of which shows a diurnal variation, in either the red or the blue region of the 
spectrum. Curves of intensity plotted against zenith distance show no systematic change 
of color with zenith distance, although extinction tends to make the sky appear redder 
toward the horizon. Mean curves are given for determining the intensity of the light of 
the night sky at any altitude from that at any other altitude. 

It is sometimes necessary, in the photometry of faint nebulae, to 
measure the brightness of the sky background at a point some dis- 
tance from the object being observed; this is especially true for 
nebulae in the Milky Way. In order to determine, from such ob- 
servations, the brightness of the sky background in the immediate 
vicinity of the nebula, it is necessary to know how the brightness of 
the night sky varies with zenith distance and with distance from 
such sources of night-sky illumination as the zodiacal light and the 
Milky Way. 


The intensity of the light of the night sky has been thoroughly in- 


vestigated by Elvey and Roach’ for the blue region of the spectrum. 
A mean curve of the relation of night-sky brightness to zenith dis- 
tance for blue light, using the observational data of Elvey and 
Roach, is given in a recent paper by C. T. Elvey and P. Rudnick.’ 

5 Ibid., 86, 212, 1937. 

6 National Research Fellow. 

* Contributions from the McDonald Observatory, University of Texas, No. 8. 


DADS 18553;.1037- 2 Tbid., 86, 5, 1937. 
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It is the purpose of the present investigation to determine the change 
in intensity of the light of the night sky with zenith distance in both 
the red and the blue regions of the spectrum. 

For this purpose, two all-night series of determinations of the 
brightness of the night sky in red and in blue light were made with an 
f:2 Schmidt camera. The blue region of the spectrum was photo- 
graphed with Eastman I-O plates without filter, the spectral range 
being about AA 3000-5000 and the exposure time 15 minutes. The 
red region was photographed with Wratten Hypersensitive Pan- 
chromatic plates, sensitized with ammonia and exposed through a 
Wratten light-red filter, No. 23A. The spectral range was about 
AA 5800-6500, the exposure time in this case being 20 minutes. The 
red and the blue plates were exposed consecutively. The density of 
the sky background was compared with the density of extrafocal 
images of Harvard Standard stars on the same plate. Two regions of 
the sky were observed. On October 4, 1937, the Harvard Standard 
Region C11, at a = 21", 6 = +15°, was photographed from zenith 
distance 17° to zenith distance 82°, and on October 6, 1937, the 
Region C2, at a = 3", 6 = 15°, was observed over zenith distances 
from 78° to 15°. 

The resulting curves of intensity, plotted against zenith distance, 
are shown in Figure 1, where intensities are expressed in numbers of 
tenth-magnitude stars per square degree. The curves for the two 
nights are of practically the same shape, particularly those for the 
red region of the spectrum, indicating that there was no diurnal 
variation in the intensity of the sky light for either the red or the 
blue regions observed. Elvey and Rudnick? could find no evidence 
of systematic diurnal variation in the sky brightness for the blue 
region, and Slipher’ found a diurnal variation for the green auroral 
line only on some nights. On the other hand, several earlier ob- 
servers? and, more recently, Ceriajev, Khvostikov, and Panschin® 
have found strong evidence of diurnal variations in the brightness 
of the night sky, especially in the green, but also in the red. 

The average difference in color index between the two nights is 


)M.N., 93, 9; 1933: 
4 Rev. of Mod. Phys., 8, 14, 1936. ‘J. de phys. et rad., 7, 149, 1936. 
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o™32, but there is no evidence of a systematic variation of color index 
with zenith distance. 

The curves for the two nights have been combined into mean 
curves for the red and the blue regions, which are shown in Figure 
2a. These curves may be used to determine the intensity of the light 
of the night sky at any zenith distance with a probable error of 
+o™o7 per square degree when the intensity at any other zenith 
distance is known. If either point is close to the ecliptic or the galac- 
tic plane, the computed intensity should be corrected by a suitable 
amount, which may be determined from the data of Elvey and 
Roach.’ 

In this investigation, no correction for extinction has been neces- 
sary, since the comparison stars were always on the same plate as 
the section of sky whose brightness was being determined. However, 
Figure 2b shows the effect upon the curves if extinction® is applied to 
the magnitudes of the stars which are used for comparison. These 
curves show the brightness of the sky as it would appear to the ob- 
server; it would be much redder at the horizon than at the zenith. 
In this investigation, the green auroral line at \ 5577 has been ex- 
cluded entirely; it would undoubtedly affect the visually observed 
color of the night sky appreciably. 

The intensity of the light of the night sky, as shown in these 
diagrams, is the total sky illumination, including permanent aurora, 
scattered light, light of unresolved stars fainter than the twelfth 
magnitude, zodiacal light, and possibly some galactic light. As- 
suming, as have Elvey and Rudnick,’ that an increase of 5 per cent 
in brightness over the sky background would be just detectable on 
a photographic plate, the faintest nebulosity which could be de- 
tected at a zenith distance of 20° on these two nights has been 
computed and is as follows: 


October 6, 1937. | October 4, 1937 
Red 6™1/sq. degree | 6™8/sq. degree 
an ~m> 


Blue... 7m | -7@2 


6 The extinction coefficient was derived from tables given in Handb. d. Ap., 2, 199, 


1929. 
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Fic. 1.—The variation of intensity of the light of the night sky with zenith distance. 
Intensities are in numbers of tenth-magnitude stars per square degree. Dots are ob- 
served points. a, region at a=3", 6=+15°, observed on October 6, 1937; 6, region at 


a= 21", 6=+15°, observed on October 4, 1937. 
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Fic. 2.—Mean curves for the variation of intensity of the light of the night sky with 


zenith distance. a, no extinction present; b, extinction present. 
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A comparison of these observations with the mean curve derived 
by Elvey and Rudnick,’ after suitable corrections have been made 
for radiations not included in their intensity determinations, shows 
that these two nights were of greater than average brightness but 
were well within the limits of brightness observed by them. 


I wish to thank Dr. Otto Struve and Dr. C. T. Elvey for the sug- 
gestion of this problem and for valuable advice given in the course of 
this investigation. I am also indebted to Dr. Cecilia Payne Gaposch- 
kin for providing the photo-red magnitudes for the comparison stars 
in advance of publication. 

JESSIE RUDNICK 
McDonaLp OBSERVATORY 
April 1938 


ATLAS OF THE SPECTRUM OF 
NOVA HERCULIS 1934 

The editors of the Astrophysical Journal in 1935 collected data 

as to the spectrograms of Nova Herculis 1934 available at different 
observatories, partly with a view to the ultimate production of an 
atlas showing the changes day by day in the spectrum of the star 
during the first few months after the initial outburst. On the ap- 
pointment of a nova subcommission in the Commission of Stellar 
Spectra of the International Astronomical Union the editors handed 
over this material to me as chairman of that subcommission; further 
data as to the observational material available were secured, and it 
is clear that for nearly every day the spectrum of Nova Herculis 
is available from one source or another from the head of the Balmer 
series to Ha. The Solar Physics Committee, which is responsible for 
the work of this observatory, has approved the production by the 
stafi of the observatory of an atlas showing daily changes over that 
range of spectrum so long as no additional charge for printing, etc., 
is borne by the observatory funds. It is hoped to print the whole 
atlas on sixteen stiff cards—one-quarter of the spectrum on each 
card and one card for each month. Estimates have been secured for 
printing and distributing the atlas, and it is hoped that the cost 
would not be more than £1. The cost, however, depends on the 
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number of subscribers to the atlas, and subscribers may be asked 
to pay as much as 25 shillings. Sufficient support for the project has 
been received and the work has been commenced. Copies may be 


ordered from me. 
F. J. M. STRATTON 


SOLAR PuHysics OBSERVATORY 
CAMBRIDGE, ENGLAND 


ON THE SPECTRAL TYPES AND LUMINOSITIES 
OF THE M DWARFS 

t. The visual region of the spectrum is especially well suited to 
the determination of accurate spectral types of the K and M dwarfs. 
The low-level lines of sodium, calcium, and chromium increase 
rapidly in intensity from Ko to Mo and may be used for classifica- 
tion on spectrograms of very low dispersion. In the case of the 
M dwarfs the strong 77O absorption in the red region is a very sensi- 
tive criterion of spectral type; it is visible in giants of type Mo 
and increases uniformly in intensity in the later subdivisions. In 
addition, it is situated in the spectral region which can be most 
efficiently photographed with the new superspeed panchromatic 
emulsions. Spectrograms of tenth-magnitude M dwarfs can be ob- 
tained in a few minutes with the short-focus Moffitt camera, which, 
although designed for the photographic region, gives excellent defi- 
nition over a flat field from HB to Ha. The distance between Ha 
and H6 on these spectrograms is 5.5 mm; a number of spectral 
features are observable, and K and M dwarfs can be separated 
readily from giants. 

Spectrograms of a number of the brighter late K and M dwarfs 
have been obtained for the purpose of setting up a fundamental 
sequence of classification standards in the visual region. The ac- 
curacy of the classification has been found to be good; and, while the 
number of stars observed is small, some conclusions of interest may 
be drawn from their reclassification. 

Twenty-five K and M dwarfs of large parallax are included in 
Table 1. The columns give the name of the star, the number in 
Schlesinger’s parallax catalogue, the apparent visual magnitude, 
the trigonometric parallax, the visual absolute magnitude, and the 
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spectral type as determined from criteria in the visual region. For 
the K stars the intensity of Cr 5206, the D lines, and the Ca lines 
in the neighborhood of \ 6100 were used for classification; the 770 
bands between \ 5800 and 6500 were used in the case of the M 
dwarfs. The three bright giants, 6 Ophiuchi, y Eridani, and a Ceti, 
which have been classified as Mo at Mount Wilson, were considered 
TABLE 1 




















| 
| 
: ire P | Apparent | Sc | Abs. Vis. Spec 
‘ shlesinger | ... g. 

Star | Schlesinger | Vis. Mag. | nw Trig | i (Yerkes) 
HR 753 Sat 760 | 5.9 0.144+5 | +67 | K3 
70 Oph B We | §405-B 6.0 | .196+4 | 7.4 K4 
or CygA.... | 6558-A_ | 5.6 | .209+3 | 8.0 | K5 
61 Cyg B.. ..| 6558-B 6.3 | -299+3 | 8.7 | Ko 
Cin 2238 ssf  §000 8.3 1736 8.6 | K6 
Cin 2322 5191 7.8 | 124+5 8.3 K6 
Gmb 1618 3151 6.8 | 220+8 | 8.5 K6 
Castor C. | 2393-C | 96 | .w73ts | 8.9 | K6 
Lal 18115-A. . 2917-A | 7.9 162+3 9.0 Mo } 
Lal 18115-B.... | 2917-B 8.0 162+3 9.1 Mo 
Lal 21258. . 3400 8.6 174+8 9.8 Mo-+- 
Cin 1383 sac 3460 G.8 120+5 9.7 M1 
Gmb 34-A | 71-A 8.1 284+ 5 [o.3 M1 
Lal 25372 | 4119 8.5 191 +8 9.9 M2 ( 
Lal 21185 | 33890 7.6 | 288 +6 [0.5 M2 
Cin 1244 | 3188 9.4 | 193+8 | 10.8 M3+ 
Cis gata... . } 5278 | Be | .wmees | 10.8 | M4 
Y 1398-A Samceh sOnRer So | 282+4 | biC2 | M4 
CC 00s. . -e| 4025 10.0 | A oo i20 «=| M4+ | 
Kriiger 60-A | 7020 | 9.8 | .258+4 | 11.9 | M4+ 
> 1398-B 5652-B 9.7 282+4 | 12.0 | Ms 
Barnard’s Star 5352 * 0% |) xeegces | 13.4 | M6 
Gmb 34-B 71-B 10.9 | .284+5 | 13.2 | M6 
Wolf 350 arent ee, | P46 1 403310) fore | M8 
Wolf 489 ; | 4084 14.2 | 0.130+09 | +14.8 | <Mo 
to be standards of that type for the dwarfs. The red 770 band is \ 
well seen in these stars with the dispersion used. The visual magni- 
tudes were obtained from a number of sources; some of them are 
uncertain by several tenths of a magnitude. I am indebted to Dr. 
Kuiper for several of the values listed; I am also indebted to Dr. 
Kuiper for the inspection of his spectrograms of the last two stars, 
Wolf 359 and Wolf 489; these objects are too faint to be guided on 
with the Bruce spectrograph. 


2. The absolute magnitudes and spectral types of the stars in 
Table 1 are plotted in Figure 1. There is a remarkably close agree- 
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ment between the luminosities of dwarfs of the same spectral type; 
if the various errors in the observations are taken into account, the 
true dispersion becomes vanishingly small, except in the case of 
Wolf 489, for which a spectral type of Mo has been published. The 
spectrogram of this star obtained by Dr. Kuiper, while underex- 
posed, gives rather strong evidence that the type is earlier than Mo 
and that the star is of special interest. If it is of type G or K, then 
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Fic. 1.—Spectral types and absolute magnitudes 


it bears a position relative to normal G and K dwarfs similar to 
that which the white dwarfs hold with respect to the A-type main- 
sequence stars. 

3. Although caution must be observed in making generalizations 
from the limited number of*stars in Table 1, we may draw the fol- 
lowing tentative conclusions concerning the late K and M dwarfs: 

a) For any given spectral type (that is, for any given surface 
brightness or effective temperature), only one value of the luminosi- 
ty is observed. 

b) From (a) it follows that there is only one value of the radius 
for any given spectral type or luminosity. 
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Because of the close dependence of luminosity upon spectral type, 
a diagram similar to Figure 1 may be used to determine spectroscopic 
parallaxes. If additional material should confirm the low observed 
dispersion in luminosity, then it should be possible to determine ab- 
solute magnitudes and parallaxes with considerable accuracy simply 
from spectral types on the system of the stars in Table 1. 
W. W. MorGan 


YERKES OBSERVATORY 
May 1, 1938 


NOTES ON PROPER-MOTION STARS 

The following list contains a number of stars for which the writer 
has recently obtained spectral types. The data are somewhat pro- 
visional in nature-—-for instance, with regard to apparent magni 
tudes; a fuller discussion will be made after more stars have been 
observed. The purpose of this note is to discuss some interesting 
stars so far observed; the other stars are included only for compari- 
son. 

The apparent visual magnitudes depend upon a variety of 
sources. For several provisional values I am indebted to Dr. Seyfert, 
who is engaged in determining photovisual magnitudes for stars of 
large proper motion. When no photometric values were available, 
estimates by the writer are given; they are followed by a colon. 

To the absolute magnitude, M,, a colon is added if the probable 
error of the parallax exceeds one-tenth of the parallax, and a double 
colon if it exceeds one-sixth. 

The spectral types were obtained with a small one-prism spectro- 
graph designed by the writer, which is attached to the 4o-inch tele- 
scope. The dispersion is 340 A/mm at Hy. In most cases panchro- 
matic films were used, bent, in a specially built plateholder, to the 
proper focus for the full range of spectrum recorded. With this dis- 
persion it appeared advantageous to classify K and M stars in the 
visual region, whereas types earlier than Ko had to be classified in 
the photographic region. The writer wishes to acknowledge helpful 
discussion with Dr. Morgan about criteria in the visual region. 
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Figure 1 shows a plot of the stars of Table 1 for which the absolute 


magnitudes are known with some precision; values followed by a 


colon are entered as small dots; those having a double colon are 


omitted. The small scatter in the main sequence is striking. This 
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Magnitude-spectrum diagram for a sample of K and M dwarfs. Large dots 


indicate stars with well-known magnitudes and parallaxes; small dots indicate stars 


for which these data are less reliable. Wolf 489 and Ross 451 are shown to be clearly 


separated from the main sequence; they are the first K-type “white dwarfs” known. 


feature, which may be more striking for spectral types determined in 


the visual than in the photographic region, was first recognized by 


Morgan.’ It should be pointed out that our Figure 1 differs in two 


respects from Morgan’s diagram: (1) our plot is a relatively small 


sample of a large number of program stars, most of which have no 
fo) é 


accurate parallaxes, and (2) the spectral types given here are based 


on a smaller number of exposures, usually two for stars brighter than 


«Cf. the preceding Note. 
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TABLE 1 
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TABLE 1—Continued 


























| | | | 
Star , RA Dec. | my, w (Tr.) P.M My Sp. |M (Sp.)| w (Sp.) 
17°3336 } rrhroms | —17°34’ | 10.0 "87 | K6 8.5 o”05 
| | 10.0 ». 87 | K6 8.5 05 
| 11 14.8 TOO 23 9.4 of! 5 2.99 9.8 | Mr | 9.5 Io 
| 11 19 | +78 sy | 12.1 >. 69 M3+ | 11.1 06 
} 12.8 M4 ft: c6 
Ross 4519 Il 34.7 | +67 53 | 13.1 42+8 II.2 K3-4 
Ross 122 | 11 52.5 | +12 2 11.4 717 M2+ | 10.4 06 
Ross 689 |} 12 00.6 | +70 06 13.1 59 | Msc 12.9 og 
Ross 695 |} 12 19.6 17 38 10.9 ». 53 M4 | 11.5 13 
tQ 2636 12 26.2 | +9 22] 9.9 84 Mo | 9.0 07 
Wolf 424% | 12 28.4 | + 9 34 | 12.6 1.87 14.4) | M8 | 15.6: 38: 
Wolf 437 | 12 43.0 | 10 18 | 11.3 106+8 ee M3+ | 11.1 cg 
+o° 29890 | 12 45.6] —0 13] 8.4 0908 + 7 30 S:4 | Be | 8.8 | 12 
| 12 55.2 | — 2 10 9.5 6341 >. 73 $.s5: | Ks | 8.c oS 
| 13 24.9 | +10 §5§ 9.3 123+ 10 1.49 | 9.7 | M2 10.1 | 14 
13 31.5 | + 4 33 | 14.3 13 9 3.04 | 144.9 | Ks+ | 
13 50.0 | +66 02 | 11.4 7+10 0.58 | 9.8::}| M2 10.1 06 
| 
| 14 08 } +76 18 | 11.5 53 | Mr-4 | 9 8 oS 
| 14 36.3 | +31 56 | 11.5 93 | | Ks+} 8.3 023 
| 14 14:0 | — © 50 | 14 1.36 M4 | 2r.§ 032 
| 14 53-5 | 31 46 3. | 1.50 Ks5-+ | 8.3 028 
| 15 22.8 | +77 20 8.9 8 38 | Gs 
| 16 24.7 12 25 0.7 | t.24 | 11.7 | M4+ | 11.9 
|} 16 50.1 8 og | 10.0* | 148+ 4 1.24 | 10.8 | M4 } 11.5 
| } 
| | | 12.7 12.5 | Ms 12.4 
16 59.8 |} 4 54 ; Pu 9 3 1.47 | 7.4 | Ka . 2.9 
| | 90 8 | 9.6 | M2 | 20.1 
‘ | —_— * ~ | ol | 
) 17 09.2 | +45 50 | 10.2 | 143+6 1.56 II.c M3+ | 11.1 
Barnard’s 57 $2.0 | 1 25 90.7 | 3 10 ) 13.4 | M6 13.4 
+so°1r9g15A | 18 41.7 +59 290 | 8.9 \ 2.31 11.2 | M4 1 33.58 
(11632) 3 | | | 0.7 12.0 M4 II.5 
71 21 10.7 | +71 14] 9.8 I II . 33 Go | 
SO 2r 30.4 T5090 49 Q.2 30 | G1 
53 27% 22 03.4 T53 41 | 5.9: I 10 35 |} G2 | 
Ross 271 22 00.7 +17 56 | 10.4 52 ieee 
Kriiger 60A | 22 24.4 | +57 12] 9.9 ‘ s6+4 ».87 | 11.9 M4 | 11.9 0.26 


NOTES TO TABLE 1 


An asterisk indicates the magnitude of the average component. Numbers in parentheses refer to ADS. 

1. Not identical with +-24°1005, as was originally assumed on authority of Luyten (A.J. 979) and 
Schorr (EBL); the proper motion of the BD star is small. Hence, the star should be dropped from the list 
of white stars given in Ap. J., 87, 78, 1938 

2. F star with high velocity. 

3. Luyten 1038 — 14 = Ross 880. Spectrum HD F8, Luyten (H.B. 906) Az. Near another star of 
about the same magnitude. BD position agrees with pm star 

1. Observed because of the large motion (1"%25) given in Schlesinger’s parallax catalogue, which, how- 
ever, is not confirmed by Greenwich A.C. 6. The star is double: 1938.37. 48°96 197, Am = 0.5. The types 
of the components are similar. The combined magnitude is 10.82 PDP, or about 10.65 IPv. 








5. Provisional; definitely not later than G. 
6. Probably somewhat underluminous; lines weak 
7. Probably underluminous. 
; 8 __ spectral type is much later than that of Barnard’s star (M6). Either M8 or Mo might be 
adopte¢ 


9. Two excellent spectra agree in making this star K3 The limits in Fig. 1 correspond to the parallax 
increased by four times the probable error, and x 0.01 p, respectively. 

10. The apt any is nearly identical to that of Wolf 3509, or perhaps a trace earlier. The duplicity 
1938.42 141° , 4m = 0.0) reduces the spectral parallax to pol a moderately high value, but adds 


greatly to the aslal ance of the star (mass ccakieaits relation) 

11. Three spectra obtained prove definitely that the st a is not as late as Mo. The subdivision of K is 
still uncertain, the spectra being too weak to show clearly the region below \ 6000. The photovisual mag- 
nitude is near 14.3, as obtained by Mr. Rust at this observatory. The photographic magnitude being 15.2 
(Thorndike) the color index is about o.9. The observations are being continued. 


12. Willis’ photographic magnitude seems to be too bright 





















596 NOTES 


II or 11.5 mag., and one for fainter stars; furthermore, the disper- 
sion is one-third of that used by Morgan. The spectral types given 
in the two articles are, of course, independent quantities. 

The line drawn in Figure 1 may be provisionally adopted as a basis 
for the determination of spectral absolute magnitudes, M (Sp.), and 
parallaxes, 7 (Sp.). Some large parallaxes indicated deserve a trig- 
onometric determination. More definitive values for the last two 
columns and a discussion of the uncertainties must await the ac- 
cumulation of data for more stars. 

Remarks about individual stars are found in the notes following 
the table. Two K-type “white dwarfs” are there discussed, as are 
also some apparently underluminous G stars. 

G. P. KUIPER 
YERKES OBSERVATORY 
May 1938 
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